HOMOGENIZATION IN ALGEBRAS WITH MEAN VALUE 



JEAN LOUIS WOUKENG 

Abstract. In several works, the theory of strongly continuous groups is used 
to build a framework for solving stochastic homogcnization problems. Follow- 
ing this idea, we construct a detailed and comprehensive theory of homog- 
cnization. This enables to solve homogcnization problems in algebras with 
mean value, regardless of whether they are ergodic or not, thereby responding 
affirmatively to the question raised by Zhikov and Krivenko [V.V. Zhikov, E.V. 
Krivenko, Homogenization of singularly perturbed elliptic operators. Matem. 
Zametki, 33 (1983) 571-582 (english transl.: Math. Notes, 33 (1983) 294-300)] 
to know whether it is possible to homogenize problems in nonergodic algebras. 
We also state and prove a compactness result for Young measures in these 
algebras. As an important achievement we study the homogenization problem 
associated with a stochastic Ladyzhenskaya model for incompressible viscous 
flow, and we present and solve a few examples of homogenization problems 
related to nonergodic algebras. 



1. Introduction and main results 

The theory of strongly continuous iV-parameter groups is a very important tool 
in solving partial differential equations (PDEs). In [51] (see also [H]), the authors 
used this theory to solve PDEs in spaces of almost periodic functions. In the 
stochastic homogenization theory, one constructs through a dynamical system, a 
strongly continuous iV-parameters group. One then uses its infinitesimal generators 
to build up a framework for solving random homogenization problems. We refer, 
e.g., to the works [EIESIISQ] (see also [43]) for an exposition of this idea. 

Given an algebra with mean value, the uniform continuity property of its ele- 
ments allows the construction [on the generalized Besicovitch spaces associated to 
this algebra] of a strongly continuous TV-parameters group. We therefore rely on 
the properties of this group to construct as in the stochastic case, a comprehen- 
sive and detailed framework for solving deterministic homogenization problems as 
well as homogenization problems related to stochastic partial differential equations 
(SPDEs). The results obtained generalize the already existing ones, and provide 
more clarity and conciseness to the latter. 

Dealing now with deterministic homogenization theory, it has been so far applied 
to solve only homogenization problems in ergodic algebras. In that direction we 
refer, e.g., to the papers [HI [30l [32l EH EH EH EH EH [56] [31] in which only 
ergodic algebras are considered. In this paper we show how one can derive general 
homogenization results in algebras with mean value through the theory of strongly 
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continuous groups of transformation. One very important achievement will be to 
work out the homogenization problems related to a stochastic Ladyzhenskaya model 
for incompressible non-Newtonian fluid, without help of any ergodicity assumption. 
For the sake of clarity, let us give here below some of our main results. 

Theorem 1. Let 1 < p < oo. Let X be a normed closed and convex subset of 
W 1,p (Q), Q being an open subset o/M . Assume (u e ) £( zE is a bounded sequence in 
W 1,p (Q) such that u e G X for all e G E. Let A be an algebra wmv on M.y . Assume 
further that X is compactly embedded in L P (Q). There exist a subsequence E' from 
E and a couple [uq,Ux) G X x L P (Q; B^ A ) such that as E' 3 e — > 0, 

u £ — > uq in L P (Q) 

and 

du £ dun du\ , „ 

— — — y — — -\- — — in L p (Q)-weak S, 1 < i < N. 

oxi axi oy.i 

The difference between the above result and other already existing results is that 
no ergodicity assumption is required on the algebra with mean value A, in contrast 
to what had always been done so far. It should be noted that the proof of the 
above result in the ergodic case relies heavily on the ergodicity assumption made 
on A, see for instance the papers [HJ [3Q1 IS1 H2]- In the general situation that we 
consider in this work, the proof is based on a de Rham type result formulated as 
follows: 

( Let v G (B P A ) N satisfying 

< JA(A) v • = for all g G V div ={fe (V A (R N )) N : di Vj/ f - 0}. 
[ Then there exists u G B\f A such that v = D y u. 

As a consequence of the preceding result we have the following important result 
which is suitable for the homogenization of SPDEs in algebras with mean value. 

Theorem 2. Let 1 < p < oo. Let Q be an open subset in M. N . Let A = A y A T be 
any product algebra with mean value on R N x R. Finally, let (u e ) e< =e be a sequence 
of L p {Q,T- 1 Wq P {Q))- values random variables satisfying the following estimate: 

supE||n e ||^ (OT;Wol , P(Q)) <oo. 

Then there exist a subsequence E' of E and a couple of random variables (uq,Ui) 
with Uq G D>(fl;D>(0,T;Wo' p {Q))) and u x G L P {Q; L P {Q T ; B At (R t ; B^ p Ay ))) such 
that, as E' 3 e — » 0, 

u £ — > uq in L p {Qt x fl)-weak 

and 

dUe^duo + ^i in lp{Qt x n y wmk ^ (\< 1 <N). 
oxi oxi oy t 

The next result is a compactness result related to Young measures in algebras 
with mean value. It reads as follows. 

Theorem 3. Let Q be an open bounded subset ofR N . Let 1 < p < oo, and let A be 
an algebra wmv on R y . Finally let (u e ) £e E be a bounded sequence in L p (Q;M. m ). 
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There exist a subsequence E' from E and a family v = {vx,s) X £Q,s£A(A) S L°°(Q x 
A{A)-V{W m )) such that, as E' 3 e -> 0, 

/ $ ( x, — ,u e (x) ) dx -> / / / s, A)t2zAE, s (A)d/3(s)ete 

for all $ E E p . 

A special version of the above theorem can be found in [2]. Our approach is 
based on a result by Valadier [33] regarding the disintegration of measures. As 
expected the above results have a number of applications. By way of illustrating, 
we give two of them in this work. The most important one is the homogenization 
of a nonlinear SPDE. In this regard, we prove the following 

Theorem 4. Assume p > 3. For each e > let u e be the unique solution of the 
following stochastic PDE: 

( du e + {P £ u e + A £ u e + B(u E ))dt = fdt + g £ {u £ )dW, < t < T 
{ u £ (0) = u°. 

Under assumption (|6.27j) (see Section 6), the sequence (u e ) e> o converges in prob- 
ability to Uo in L 2 (Qt) where Uq is the unique strong probabilistic solution of the 
following problem: 

( du Q + (-div(mDuo) - divAf(Z?u ) + B(u ))dt = fdt + g(u )dW 
{ u o (0)=u°. 

In view of the above result, one might be tempted to believe that the homoge- 
nization process for SPDEs is summarized in the homogenization of its deterministic 
part, added to the average of its stochastic part. This is far to be true in general. 
Indeed, one can obtain after passing to the limit, a homogenized equation of a type 
completely different from that of the initial problem; see e.g., [53] , 

We can emphasize that our work is therefore the first one in which the homoge- 
nization theory for PDEs and SPDEs is carried out beyond the ergodic setting. 

The paper is organized as follows. In Section 2 we give the key tools which will 
be used in the following sections, namely we apply the semigroup theory to the 
generalized Besicovitch spaces. Section 3 is devoted to the systematic study of the 
concept of S-convergence. We prove there some important compactness results. 
In Section 4 we prove Theorem [5] and we give some of its important corollaries. 
Finally, Sections 5 and 6 are devoted to the applications of the results of the earlier 
sections to homogenization theory. 

Unless otherwise stated, vector spaces throughout are assumed to be complex 
vector spaces, and scalar functions are assumed to take complex values. 

2. The semigroup theory applied to the generalized Besicovitch 

spaces 

2.1. Preliminaries. Let A be an algebra with mean value (algebra wmv, in short) 
on [HI [HJ HU [S3] , that is, A is a closed subalgebra of the C*-algebra of bounded 
uniformly continuous functions BUC(M. N ) which contains the constants, is closed 
under complex conjugation (u S A whenever u € A), is translation invariant (u(- + 
a) E A for any u £ A and each a £ M. N ) and is such that each element possesses a 
mean value in the following sense: 



4 



JEAN LOUIS WOUKENG 



(MV) For each u £ A, the sequence (u £ ) £> q (where u e {x) = u(x/ei), x £ M N ) 
weakly ^-converges in L°°(M. ) to some constant function M(u) £ C (the 
complex field) as e — > 0, e\ = £i(s) being a positive function of e tending 
to zero with e. 

It is known that A (endowed with the sup norm topology) is a commutative 
C*-algebra with identity. We denote by A(A) the spectrum of A and by Q the 
Gelfand transformation on A. We recall that A (A) (a subset of the topological 
dual A' of A) is the set of all nonzero multiplicative linear functionals on A, and Q 
is the mapping of A into C(A(A)) such that Q(u)(s) — (s,u) (s £ A(A)), where (,) 
denotes the duality pairing between A' and A. We endow A(A) with the relative 
weak* topology on A' . Then using the well-known theorem of Stone (see e.g., cither 
[28] or more precisely [19j Theorem IV. 6. 18, p. 274]) one can easily show that the 
spectrum A(A) is a compact topological space, and the Gelfand transformation Q is 
an isometric ^-isomorphism identifying A with C(A(A)) (the continuous functions 
on A(A)) as C*-algebras. Next, since each element of A possesses a mean value, 
this yields an application u n- M(u) (denoted by M and called the mean value) 
which is a nonnegative continuous linear functional on A with M(l) = 1, and 
so provides us with a linear nonnegative functional if> *-> M\{ip) — M{Q~ l (^ji)) 
defined on C(A(A)) = G(A), which is clearly bounded. Therefore, by the Riesz- 
Markov theorem, Mi (tp) is representable by integration with respect to some Radon 
measure j3 (of total mass 1) in A(A), called the M -measure for A [30]. It is evident 
that we have 



Ja(A) 

The spectrum of a Banach algebra is an abstract concept. However, for some special 
Banach algebras, it can be characterized as in the following 

Proposition 1. Let A be an algebra wmv. Assume A separates the points ofM. N . 
Then A (A) is the Stone- Cech compactification ofM . 

Proof. For each y £ M let us define an element <p of A(A) by setting <fi y (u) = u(y) 
for u £ A. Then the mapping tj> : y i-> cf> y , from M. N into A(A), is continuous and 
has dense range. In fact as the topology in A(A) is the weak* one and further 
the mappings y H ► (f> y (u) = u(y), u £ A, are continuous on M , it follows that 
6 is continuous. Now assuming that <fi(R N ) is not dense in A(A) we derive the 
existence of a non empty open subset U of A(A) such that U n (j)(M. N ) — 0. Then 
by Urysohn's lemma there exists v £ C(A(A)) with u ^ and u|a(a))\ u ~ ^ w here 
v \a(A))\u denotes the restriction of v to A(A))\U. By the Gelfand representation 
theorem, v — Q(u) for some u £ A. But then 



for all y £ R N , contradicting u ^ 0. Thus <j>(R N ) is dense in A (A). 

Next, every / in A (viewed as element of B(M )) extends continuously to A(A) 
in the sense that there exists / £ C(A(A)) such that f((f)(y)) — f(y) for all y £ M. N 
(just take / = G(f))- Finally assume that A separates the points of Mr. Then 
the mapping (f> : M. N — > (j>(M N ) is a homeomorphism. In fact, we only need to 
prove that <fi is injective. For that, let y, z £ M N with y ^ z; since A separates the 
points of E , there exists a function u £ A such that u{y) ^ u(z), hence <j> ^ cj) z , 





u(y) = 4> v {u) = G{u){<j) ) 



v{cf> v ) = 
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and our claim is justified. We therefore conclude that the couple (A(A),<j)) is the 
Stone-Cech compactification of R . □ 

The following result is classically known. 

Proposition 2. (1) Assume A — C pcr (Y) is the algebra of Y -periodic continuous 
functions on Ry (Y = (— ^,^) N ). Then its spectrum is the N -dimensional torus 
T N = R N /Z N . (2) Assume A = AP(R^) is the algebra of all almost periodic 
continuous functions on Ry defined as the vector space consisting of all functions 
defined on Ry that are uniformly approximated by finite linear combinations of the 
functions in the set {exp(2i7rfc ■ y) : k G R N }. Then its spectrum A(AP(Ry)) is a 
compact topological group homeomorphic to the Bohr compactification of R N . 

Next, to any algebra with mean value A are associated the following subspaces: 
A m = {ip G C m (R N ) : Dy*iP G A for every a = (ai,...,a N ) G N N with \a\ < 
m} (where Dytp = d^'ip/dy" 1 ■ ■ ■ dy^ N )- Endowed with the norm |||u||| m = 
sup| Q | <m , A m is a Banach space. We also define the space ^4°° as the space 

of tp G C°°(M£) such that D%ip = a ^f'°^ w G A for every a = (a u ...,a N ) G N w . 
Endowed with a suitable locally convex topology defined by the family of norms 
II Hllro> is a Frechet space. 

Next, let B V A (1 < p < oo) denote the Besicovitch space associated to A, that is 
the closure of A with respect to the Besicovitch seminorm 

i/p 

\u\\ 1 ' ' 



(limsup—i / \u(y)\ p dy ) 

\ r->+oo \£>r\ J B r / 



It is known that B P A is a complete seminormed vector space verifying B q A C B A for 
1 < P < <? < oo. From this last property one may naturally define the space B^ as 
follows: 

B% = {/ G ^< P<00 B A : sup ||/|| p <oo}. 

l<p<oo 

We endow B^ with the seminorm [f]^ = sup 1<p<00 ||/|L, which makes it a com- 
plete seminormed space. We recall that the spaces B P A (1 < p < oo) are not 
in general Frechet spaces since they are not separated in general. The following 
properties are worth noticing [341 142] : 

(1) The Gelfand transformation Q : A — > C(A(A)) extends by continuity to a 
unique continuous linear mapping, still denoted by Q, of B V A into L P (A(A)), 
which in turn induces an isometric isomorphism Q±, of B A /M = B P A onto 
LP(A(A)) (where TV = {u G B P A : Q(u) = 0}). Furthermore if u G B P A n 
L°°(M N ) then Q(u) G L°°(A(A)) and \\G (u)\\ Lao {A(A)) < \\u\\ Loa(RNy 

(2) The mean value M viewed as defined on A, extends by continuity to 
a positive continuous linear form (still denoted by M) on B P A satisfying 
M{u) = J A f A )G(u)dl3 (u G B P A ). Furthermore, M{r a u) = M(u) for each 

u G B P A and all a G K , where r a u(z) = u(z + a) for almost all z G R N . 

Moreover for u G B P A we have ||u|L = [M (|u| p )] 1 ^ p . 

2.2. The semigroup theory. Let 1 < p < oo. We consider the ./V-parameter 
group of isometries {T(y) : y G R^} defined by 

T(y) : B P A B A , T{y){u+M) = t v u+M for u G B P A . 



6 



JEAN LOUIS WOUKENG 



Since the elements of A are uniformly continuous, {T(y) : y £ K } is a strongly 
continuous group in C{B P A ,B P A ) (the Banach space of continuous linear functionals 
of B P A into B P A ) in the sense of semigroups: T(y)(u + N) — > u + N in £>^ as |y| — > 0. 

} is associated the following iV-parameter group {T(y) : y £ M. N } 



To {T(y) : y £ 
defined as 



pJV 



T(y) : L P (A(A)) -> L P (A{A)) 

T(y)g 1 (u+N)=g 1 (T{y){u+N))=g 1 {T y u+N) for u £ B P A . 

The group {T{y) : y £ R N } is also strongly continuous. The infinitesimal generator 
of T(y) (resp. T(y)) along the ith coordinate direction, denoted by Di^ p (resp. di lP ), 



is defined as 
D 



u = hmt" 1 {T(teAu - u) in B P A (resp. d ijP v = limT 1 (T(tei)v - v) in L p (A(yl))) 



where: here and henceforth, we have used the same letter u to denote the equiva- 
lence class of an element u £ B P A in B P A , e; = {&ij)i<j<N (Sij being the Kronecker 
S). The domain of D iyP (resp. di tP ) in B P A (resp. L P {A(A))) is denoted by T>i tP 
(resp. Wi )P ). By using the general theory of semigroups [19l Chap. VIII, Section 
1], the following result holds. 

Proposition 3. T>i p (resp. Wi, p ) is a vector subspace of B P A (resp. L P (A(A))), 
Di, p : T>i p — > B P A (resp. d^ p : Wi tP — > L P (A(A))) is a linear operator, T>i^ p (resp. 
Wi.p) is dense in B P A (resp. L P (A(A))), and the graph of Di lP (resp. di iP ) is closed 
in B P A x B P A (resp. L p (A(A)) x L P {A{A))). 

In the sequel we denote by g the canonical mapping of B P A onto B A , that is, g(u) = 
u + Af for u £ B P A . The following result allows us to see Di tP as a generalization of 
the usual partial derivative. 

Lemma 1. Let 1 < i < N. If u £ A 1 then g(u) £ T>i >p and 

du 



D itP g{u) = g 



dy, 



(2.1) 



Proof. By the mean value's inequality we have 

\u(y + r) - u(y) - D y u(y) ■ r\ < \r\ sup \D y u(y + tr) - D y u(y)\ 

0<t<l 

Taking r — tei (t > 0) in the above inequality, we get 



t 1 (u(y + te.i) - u(y)) 



du 



(y) 



< sup 
o<C<i 



du 
dyi 



(y + (tet) 



du 
dyi 



(y) 



and hence 



. du 

U) ~dy- 



< sup sup 



du 
dy t 



x du , . 



Since du/dyt £ A, it is uniformly continuous, so that 

du 



lim 

t-yo 



t (r tei u — u) 



dyi 



0, 



and, since the uniform norm is greater than the B^-norm, 



lim 

t->o 



du 

t^ 1 (T t£z g(u) - g(u)) - g [ — 



0. 



that is, Di tP g(u) = g(du/dyi). 



□ 



HOMOGENIZATION THEORY 



7 



(resp. d£ = d^ p o • • • o for a = a w ) G with D%, = D hp o • • • o D i<p , 



Remark 1. From (|2.ip we deduce that Di >p o g = god/dyi, which means that Di tP 
is a generalization of the usual partial derivative. 

On can naturally define higher order derivatives by setting D p = D"^ p o • • • o D^ N p 
■■od%» p )iora=(a 1 ,...,a N )€F N 

aj-times. Now, let 

B 1 / = nf =1 C iiP = {ueB p A : D i>p u £B p A Vl<i<N} 

and 

V A {R N ) = {u£B A ° : D^u £ B% Va £ N N }. 

It can be shown that T>a(J& n ) is dense in B A , I < p < oo. We also have that B A P 
is a Banach space under the norm 

/ jv \ Vp 

ll"ll B ^ = MI< + Ell^llp) («e^' p ); 

this comes from the fact that the graph of Di tP is closed. 
The counter-part of the above properties also holds with 

W^ P (A{A)) = n^W^ in place of B 1 / 

and 

V(A(A)) = {u£ L°°{A(A)) : d^u G L°°(A(A)) Va G N N } in that of V A (R N ). 
We have the following relation between Di tP and di tP . 
Lemma 2. Let u G I\ p . TTien G Wi iP and Qi(D ip u) = di tP Gi(u). 

Proof. We have 

||t _1 (T(tej)u -it) - A, P «|| p = 1 (T'(*ef)iz - it)) - <?i(A, p m)|| LP ( A (a)) 

= Ht-^aiCTCteOt*) ~ &(«)) - ^i(A, P w)|| iP(A(A)) 
= ||* _1 Cr(tei)(/i(«) - Gi{u)) - Gi(Pi, p u)\\ LP{A{A)) . 
Since u £ T>i yP we have (jt^ 1 (T (tej)it — it) — Di )P tt|| — > as i — > 0. Therefore 

||i _1 (T(fe0ai(u) - fo(u)) - Gi(Di, P u)\\ LPiA{A)) -> as i -> 0, 
so that £?i(it) G Wi, p with d itP Qi{u) = Qi(D itP u). □ 
Now, let u £ T>i tP {p > 1, 1 < i < iV). Then the inequality 

||t (T(tei)ii — u) — D^pU^ < c (T(tej)it — u) — _Dj iP ti|| 

for a positive constant c independent of u and i, yields Di_\u — Di tP u, so that -D^p 
is the restriction to B A of £>,,].. Therefore, for all it G 2\oo we have u £ T> i p (p > 1) 
and D i oo u = D i p u VI < i < JV. The following simple result will be useful. 

Lemma 3. VKe have V A (R N ) = g(A°°). 

Proof. From $Z7Q) we have that, for u £ g{A°°) and a £ N N , D^u = g{D^v) where 
v £ A°° is such that u = g(v). This leads at once to g(A°°) C Z^fTR-^). Conversely 
if u G PaIK"), then u £ Bf with D^u G B A for all a G N N , that is, it = v + N 
with v £ B A being such that DyV £ B A for all a £ N N , i.e., v £ A°° since, as v is 
in (NL N ) with all its distributional derivatives, v is of class C°°. Hence u = v+Af 
with v £ A°°, so that it £ g{A°°). □ 
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The following result holds. 

Proposition 4. The following assertions hold. 

(i) J A(A) d^ud/3 = for all u E T> A (R N ) and a E N N ; 

(ii) J A ^ A \ di^ud/3 = for all u E I\ p and 1 < i < N ; 

(iii) D itP (u(f)) = uD it<x (f) + (f>Di tP u for all ((f), u) E V A (R N ) x T> itP and 1 < i < N. 
Proof, (i) It suffices to check it for a = on = (5ij)i<j<N , that is, for 1 < i < N, 



/ d i>00 udP = for all u E V A {1 

JA(A) 



•Ji ooUU/J = U 1U1 0,11 U, C .i-'^lF 

'A(A) 

But, as u — g(v) with v E A°° (see Lemma [2]), we have 



d il00 udP = / 9 ii00 5i(e(u))d^ = / Gi(D it00 Q(v))df3 

A(A) J A(A) JA(A) 

<h( e (P-))dp= I g(¥-)d(i = 



'a(a) \ \9viJJ Ja(a) \dy l j 

where the last equality is justified as in [30]. Whence (i). 

(ii) Let u E T>i tP ; there exists u n E T> A (R N ) such that \\u — u n \\ v , —> as 
n — > oo. We have 



di p ud(3 

A(A) 



— \\di, p u di tP u n \\ Ll ^ A ^ A ^ 

< c\\di yP u — di^ p u n \\ LP ^ A ^ A ^ 

= c\\D i<p u- D iiP u n \\ p , 

and the last term on the right-hand side of the above equality tends to zero as 
n — > oo, since Di tP is continuous (in fact it is linear with a closed graph; see 
Proposition [3]). This shows (ii). (iii) is easily verified. □ 

The formula (iii) in the above proposition leads to the equality 

4>di, p ud[3 = - / ud i>00 ci>df3 V(u, (f>) E V i>p x V A (R N ). 

A(A) ' JA{A) 

This suggests us to define the concepts of distributions on A and of a weak deriva- 
tive. Before we can do that, let us endow I? J 4(R Ar ) = g(A co ) with its natural topol- 
ogy defined by the family of norms N n (u) = sup| a | <rl sup^g^w \D^u(y)\, n E N. In 
this topology, D A (R N ) is a Frechet space. We denote by T> A (R N ) the topological 
dual of T>a (R N ). We endow it with the strong dual topology. The elements of 
T)' A (R N ) are called the distributions on A. One can also define the weak derivative 
of / E T>' A (R N ) as follows: for any a E N N , D a f stands for the distribution defined 
by the formula 

(D a f, 0} = (-l)H (/, D^cj>) for all E V A {R N ). 

Since V A (R N ) is dense in B A (1 < p < oo), it is immediate that B P A C V' A {R N ) with 
continuous embedding, so that one may define the weak derivative of any / E B A , 
and it verifies the following functional equation: 

(D a f, 0) = (-l)H f fd^d/3 for all <\> E V A (R N ). 
Ja(A) 
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In particular, for / £ T>i tP we have 

fd hP H/3= [ %dijd$ V<f>€V A {R N ), 

A(A) JA(A) 

so that we may identify Di iP ] with D ai f ', ctj = (#.y)i<.;<jv- Conversely, if / € is 
such that there exists /< G B\ with (D Qi /, 0) = - J A{A) UPd/3 for all <p € V A (R N ), 

then / £ T^i,p and Di, p f = fa. We are therefore justified in saying that B A P is 
a Banach space under the norm ||-|| B i,». The same result holds for W 1 ' P (A(A)). 

Moreover it is a fact that T> A (R N ) (resp. T>{A{A))) is a dense subspace of B A P 
(resp. W 1 ' P (A(A))). 

Now, in order to deal with the homogenization theory, we need to define the 
space of correctors. Before we can do this, however, we need some further notions. 

A function / £ B\ is said to be invariant if for any y £ M. N , T(y)f = f. It 
is immediate that the above notion of invariance is the well-known one relative to 
dynamical systems. An algebra with mean value will therefore said to be ergodic if 
every invariant function / is constant in B\. As in [TJ] one can show that / £ B\ 
is invariant if and only if -Dj,i/ = for all 1 < i < N. We denote by I A the set of 
/ £ B\ that are invariant. The set I P A is a closed vector subspace of B P A satisfying 
the following property: 

/ £ I P A if and only if D i<p f = for all 1 < i < N. (2.2) 

The above property is due to the fact that Di p is the restriction to B P A of Di \. So 
the mapping 

N \ VP 

considered as defined on V A (M^ ) , is a norm on the subspace T>a (M. N )/I A oi T>a (R n ) 
consisting of functions u £ that agree on 1 P A . Unfortunately, under this 

norm, D A (flt N )/I A is a normed vector space which is in general not complete. We 
denote by &J A its completion with respect to |HI# P - Moreover, as V A (W N ) is 
dense in B A P and further ||u|| » = if and only if u £ I A , we have that B# A is also 
the completion of B A P /I A with respect to |]- 1| „ . We denote by J p the canonical 
embedding of B A P /I A into its completion B^ A (which allows us to viewed B A P /I A 
as a subspace of B^ A ). The following properties are due to the theory of completion 
of uniform spaces (see [T5]): 

(Pi) The gradient operator D p = (D llP ,...,D NiP ) : V A (R N )/I A -> (B P A ) N ex- 
tends by continuity to a unique mapping D p : B^ A — > {B P A ) N with the 
properties 




^i.p d^i jP O J p 



and 




IZ.!! 1 ^"!!,,! for u <E B^ P A . 



(P 2 ) The space V A (R N )/I A (and hence B 1 //^) is dense in B^ P A : in fact by the 
embedding J p , V A (R N )/I A is viewed as a subspace of (as said above), 
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and by the theory of completion, J P (D A (M. N )/I^) = V A (R N )/I A is dense 
in B^ A . 

Moreover the mapping D p is an isometric embedding of B_J. A onto a closed subspace 
of {B P A ) N , so that Bf A is a reflexive Banach space. By duality we define the 
divergence operator dhy : {B P A ) N — » (B^ A )' (p' — p/(p — 1)) by 

(dhy u,v) = - (u,D p v) for v G B l / A and u = ( Ui ) € {B V A ) N , (2.3) 

where (u,D p v) = 53j=i J*A(A) Uidi.pvdfi. The operator div p / just defined extends 
the natural divergence operator defined in T> A (M. N ) since D i:P f = D ivP (J p f) for all 
/ G T>a (M. N ) where here, we write / under the form / = (/—/)+/ with / G I A and 
we know that in that case, D ip f — D ip {f — f) : so that Di :P (J p f) = D, )P (J p (/— /)). 

Now if in (|2 .3[) we take it = D p 'it; with w g being such that D p 'W G ) JV 
then this allows us to define the Laplacian operator on B A , denoted here by A p / , 
as follows: 

(A p 'W,v) = (div p > (Dp'w), v) = — (D p >w, D p v) for all v G B X ^ A . 

If in addition v = J p (</>) with G V A (R N )/I A then (A p /w, J p (</>)) = - (D p ,w,D p <p), 
so that, for p = 2, we get 

(A 2 w, J 2 (0)) = (w, A 2 ct)) for all it; G B 2 A and G V A (R N )/I A . (2.4) 

The following result is also immediate. 

Proposition 5. For u G A°° we have 

A p g(u) = g(A y u) 

where A y stands for the usual Laplacian operator on M.y . 

Remark 2. If the algebra A is ergodic, then the space B^ A is just the one defined 
in [SI S2] as the completion of B 1 / '/C = {u G S^' p : M(u) = 0} with respect to 
11*11 # p - Indeed in that case the elements of I A are constant functions. 

The following result is a special version of a general result whose proof can be 
found in [43] (see also [HI Lemma 2.3 (b)]). We will therefore just give the outlines 
of the proof without details. 

Proposition 6. Let v G (B A ) N satisfying 

[ v ■ = for all g G V div = {f G (V A (R N )) N : dhy f = 0}. 

Ja(a) 

Then there exists u G B^ A such that v = D p u. 

Proof. The result follows from the equality (ker(div p ')) _L = R(D p ) (where R(D p ) 
stands for the range of D p ) through the following assertions: (1) dhy is closed; (2) 
(dhy)* = —D p where (dhy)* is the adjoint operator of dhy; (3) R{D p ) is closed 
in (B A ) N , and finally, (4) v is orthogonal to the kernel of dhy. □ 

We end this subsection with some notations. Let / G B A . We know that D ai f 
exists (in the sense of distributions) and that D ai f — Di tP f if / G I\ p . So we 
can drop the subscript p and therefore denote Di^ p (resp. di, p ) by d/dyi (resp. 
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di). Thus, D y will stand for the gradient operator (d/dyi)i<i<N and div y for the 
divergence operator div p . We will also denote the operator D i p by d/dyi, and the 
canonical mapping J p will be merely denote by J, so that in property (Pi), we will 
have _ _ 

d d 

— — = — — o J (in the above notations). (2.5) 
% % 

This will lead to the notation D p = (d/dyi)i<i<N- Finally, we will denote the 
Laplacian operator on B P A by A y . 

3. The E-convergence 

This section deals with two concepts of E-convergence: the usual one [30] which 
is revisited, and its generalization to stochastic processes. 



3.1. The E-convergence revisited. In all that follows Q is an open subset of 
M. N (integer N > 1) and A is an algebra wmv on M~j . The notations are the one of 
the preceding section. 

Definition 1. A sequence (u £ ) e >o C L P (Q) (1 < p < oo) is said to weakly E- 
converge in L P (Q) to some uq £ L P (Q;B A ) if as e — > 0, we have 

u E (x)f(x, — ) dx — > // uq(x, s)f(x, s)dxdf3 (3-1) 

for every / € LP (Q; A) (1/p' = 1 - l/p), where u = Q x o u and / = G\ ° (q° /) = 
Q o /. We express this by writing u e — > u in L p (Q)-weak E. 

It is well-known that the weak E-convergence in LP implies the weak convergence 
in LP . Throughout the paper the letter E will denote any ordinary sequence E = 
(e„) (integers n > 0) with < e n < 1 and e n —¥ as n — > oo. Such a sequence 
will be termed a fundamental sequence. The following result is proved exactly as 
its homologue in (34] Theorem 3.1]. 

Theorem 5. Any bounded sequence (u e ) ee E in L P {Q) (where E is a fundamental 
sequence and 1 < p < oo ) admits a subsequence which is weakly T,-convergent in 
L p (Q). 

The next result can be proven as in [T5J Theorem 4.10]. 

Theorem 6. Any uniformly integrable sequence (u e ) e ^E in ^(Q) admits a subse- 
quence which is weakly ^-convergent in L 1 (Q). 

We recall that a sequence (u e ) e>0 in L l (Q) is said to be uniformly integrable 
if (u E ) E>0 is bounded in L 1 (Q) and further sup E>0 J x \u e \ dx — > as \X\ — > (X 
being an integrable set in Q with \X\ denoting the Lebesgue measure of X). 

In order to deal with the convergence of a product of sequences we need to define 
the concept of strong E-convergence. 

Definition 2. A sequence (u e ) E>0 C L P (Q) (1 < p < oo) is said to strongly E- 
converge in L P (Q) to some Uq G L p (Q;B p a ) if it is weakly E-convergent towards u 
and further satisfies the following condition: 

W U ^\\lp(Q) ~^ II U o|| L p(q xA (A)) ' ( 3 ' 2 ) 

We denote this by u e — > u in L p (Q)-strong E. 
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Remark 3. (1) By the above definition, the uniqueness of the limit of such a 
sequence is ensured. (2) By [30] it is immediate that for any u £ L P (Q;A), the 
sequence (u £ ) £> q is strongly ^-convergent to g(u). 

The next result will be of capital interest in the homogenization process. 

Theorem 7. Let 1 < p, q < oo and r > 1 be such that 1/r = 1/p+l/q < 1. Assume 



q ■ 

Ah 



ano 



{u e ) e ^E C L q {Q) is weakly T,-convergent in L q (Q) to some uq £ L q (Q;B 
(v £ ) £< =e C L P (Q) is strongly ^-convergent in L P (Q) to some Vq £ L P (Q; B A ) . The 
the sequence (u e v e ) e ^E is weakly T,-convergent in L r (Q) to uqVq. 

Proof. We assume without lost of generality that our sequences are real values. 
This assumption is fully motivated by the fact that in general, almost only linear 
problems are of complex coefficients, and so in that case, the linearity permits to 
work with real coefficients. This being so, we will deeply make use of the following 
simple inequalities proved in [62] : 

< \a + tb\ p - \a\ p - pt \a\ p - 2 ab < c \t\ 1+s (\a\ p + \b\ p ) 

for each \t\ < 1 and for every a, b € R, where (3-3) 

s = min(p — 1, 1) > and c > is independent of a, b. 

We proceed in two steps. 

Step 1. Set p' = p/(p — 1), and let us first show that the sequence z e — \v e \ p ~ 2 v £ 
is weakly stochastically S-convergent to |uo| P_ Vq in L p (Q). To this end, let 

z e L p (Q\B P A ) denote the weak stochastic E-limit of (z e ) ee E in L p (Q) (up to 
a subsequence if necessary; in fact it is easily seen that this sequence is bounded in 
LP (Q)). Let <p £ L P (Q; A) with IMIlp(q a) — ^ e h ave by the second inequality 
in (JO) that 

/ \v e + ttp £ \ p dx < / \v E \ p dx + pt z £ ip e dx + ci \t\ 1+s 

JQ JQ JQ 

for \t\ < 1, ci being a positive constant independent of e (since the sequence (v e ) el £E 
is bounded in L P (Q)). Taking the limmfsge^o in the above inequality we get, by 
virtue of (|3.2p (in Definition [2]) and the lower semicontinuity property (see [54] ) 
that 

\v + t$\ p dxd/3 < [[ \v \ p dxd(3 

xA(A) JJqxA(A) 

+pt / / ztpdxd/3 + ci |t| 1+s . 

J JQxA(A) 

On the other hand, the first inequality in (|3.3p yields 

\v + ttp\ p dxd(3 >[[ \v \ p dxdp +pt[[ \v \ p ~ 2 v dxdp, 

QxA(A) JJQxA(A) JJQxA(A) 

hence 

pt 1 1 \vq\ p 2 vodxdf3<pt // zipdxdf3 + ci \t\ 1+s . 

JjQxA(A) JJQxA(A) 

Now, taking in the above inequality (p — tp/ HV'lliP(Q-A) ^ or an y arbitrary ip £ 
L P (Q; A) the same inequality holds for any arbitrary tp in place of ip, which, together 
with the arbitrariness of the real number t in \t\ < 1, gives z — \vq\ p ~ 2 vq. 
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Step 2. Now, let us establish the convergence result u E v E — > uqvq m L r (Q)-weak 
E. First of all the sequence (u e v e ) e ^e is bounded in L r (Q). Next, let ip e L r (Q; A) 
and set 

£ = lim J u E v E (p £ dx (possibly up to a subsequence). 

We need to show that £ = JJq x a(A) UQVQtpdxdfi. First and foremost we have 

ip e E L r '(Q) and so, u E ip £ e U>' (Q) since 1/r' + 1/q = 1/p' and u E <E L q (Q). Thus, 
once again by the second inequality in Q3.3P and keeping in mind the definition of 
z e in Step 1, one has 

/ \z E + tu £ ip E \ p dx < I \z E \ p dx+p't / \z E \ p ~ 2 z £ u E Lp e dx + ci\t\ 1+s 
Jo Jq Jq 

\v £ \ p dx+p't I v £ u £ ip e dx + ci\t\ 1+s 



since v E = \z £ \ p 2 z E and \z £ \ p — \v E \ p . On the other hand, one easily sees that the 
sequence (u E ip s ) E £E is weakly E-convergent to uog(tp) in L p (Q), so that, passing 
to the limit in the above inequality, using the lower semicontinuity property, we get 

Iz + tuopf dxdfi < [[ \v \ p dxdf3+p't£ + Cl \t\ 1+s 

\zf dxd/3+p'U + d \t\ 1+s , 

QxA(A) 

since z — \vq\ p 2 vq (as shown in Step 1), and therefore, \vq\ p — \z\ p . Besides, we 



have by the first inequality in (|3.3I) that 

\z + tu ^f dxd/3 > // \z\ p ' dxd(3 +p't \z\ p ' ' ~ 2 zu ^dxdj3 

QxA(A) JjQxA(A) JjQxA(A) 

\z\ p dxd/3+p't / / v u ^dxd(3 

QxA(A) JjQxA(A) 

since vq — \z\ p ~ 2 z. We are therefore led to 

pt \ \ v u (pdxdP < p't£ + ci \t\ 1+s V \t\ < 1, 

J JQxA(A) 

hence £ = J/q xA(a) v u tpdxdp. □ 

The following result will be of great interest in practise. It is a mere consequence 
of the preceding theorem. 

Corollary 1. Let {u E ) eeE C L P (Q) and {v E ) EeE C L p ' (Q) n L°°(Q) (I < p < oo 
and p' = p/(p — 1)) be two sequences such that: 

(i) u E — > uq in L p (Q)-weak S; 

(ii) v E — > Vq in L p (Q)-strong E; 

(iii) (v e ) e€ e is bounded in L°°(Q). 
Then u E v E — > uqVq in L p (Q)-weak E. 

Proof. By Theorem[7J the sequence (u e v e ) s ^e E-converges towards Mo^o m ^(Q). 
Besides the same sequence is bounded in L P (Q) so that by the Theorem [5l it 
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weakly E-converges in L P (Q) towards some wo £ L P (Q;B P A ). This gives as a result 



The strong S-convergence is a generalization of the strong convergence as one 
can easily see in the following result whose easy proof is left to the reader. 

Proposition 7. Let (u £ ) ee E C L P (Q) (1 < p < oo) be a strongly convergent 
sequence in L P {Q) to some uq £ L P {Q). Then (u £ ) ££ e strongly Ti-converges in 
L P (Q) towards uq. 

In the first step of the proof of Theorem[7]we have proven the following assertion: 
If v e — >• vq in L p (Q)-strong £ then |u £ | p ~ 2 u £ —> \vq\ p ~ 2 vq in L p (Q)-weak S. One 
can weaken the above strong convergence condition and obtain, under an additional 
weak convergence assumption, the following result: If u £ — ¥ uq in L p (Q)-weak S 
and \u £ \ p u £ — > vq in L p (Q)-weak S, then 



Moreover if the above inequality holds as an equality, then vq — \uo\ p uq. 

The above result is a particular case of a general situation stated in the following 

Theorem 8. Let (x, y, A) h-> a(x, y, A), from Q x R N x R m to R m be a vector-valued 
function which is of Caratheodory's type, i.e., (i) and (ii) below are satisfied: 

(i) a(x, •, A) is measurable for any (x, A) G Q x R m 

(ii) a(-, y, •) is continuous for almost all y £ M. N , 
and further satisfies the following conditions: 



for all x £ Q and all A, A' G M. m , where c is a positive constant independent 
of(x,y,X). Finally let (v £ ) £ £E C L v (ff) m be a sequence which componentwise 
weakly Y,-converges towards vq £ L p (Q; (B p A ) m ) as E 3 e — > 0. Then the sequence 
(a E (-,v £ )) ee E defined by a e (-,v e )(x) = a(x,x/si,v e (x)) for x £ Q, is weakly S- 



Moreover if (|3.4|) holds as an equality, then za{x,y) = a(x,y,vo(x,y)). 

We will make use of the following lemma. 

Lemma 4. Let F\ and F2 be two Banach spaces, (Y,A4,fi) a measure space, X 
a fi-measurable subset of Y , and g : X X Fi — > F2 a Caratheodory mapping. For 
each measurable function u : X — > F\, let G(u) be the measurable function x <— > 
g{x,u{x)), from X to F 2 . If G : u i-> G{u) maps L P {X;F 1 ) into L r {X;F 2 ) (I < 
p,r < 00) then G is continuous in the norm topology. 

Proof. A look at the proof of [211 Chap. IV, Proposition 1.1] shows that one can 
replace in that proof, the Borel subset Q of K™ by the measurable subset X of Y, 
E by F\, F by F%, and get readily our result. □ 



w = u v . 



□ 




(iii) Kx,y,A)|< C (|Ar 1 + l) 

(iv) (a(x, y, A) - a(x, y, A')) ■ (A — A') > 

(v) a{x,-,X)£{B p A r 
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Proof of Theorem^ By (iii) the sequence (a e (-, v e )) ee E is bounded in LP (Q) m , 
thus there exists a subsequence E' from E and a function zq <G L p (Q; (B A ) m ) such 
that a £ (-,v E ) -> z in L p '((2) m -weak £ as J5 9 £ -> 0. Let us show Ij3.4|) . For that 
purpose, let V € Po°(Q) <8 >l] m (which is dense in A) m ); then the function 

(x, y) i-> a(x, y, y)) lies in C(Q; i3^'°°) m . Indeed, as a result of (ii) the function 
a(-, y, y)) is continuous. Moreover for each fixed i£(J, a(x, •, ip(x, •)) € (-0^ ) m : 

in fact ip(x,-) € (^4)"\ and it suffices to check that a(x,-,(f>) € (£>^) m for any 
€ (A)"\ But since the function is bounded, let K c R m be a compact set 
such that <f)(y) € If for all y € R^. Viewing A h-> a(x, •, A) as a function defined on 
K, we have that this function belongs to C(K; (B A ) m ) (use also hypothesis (v)), 

so that by the classical Stone- Weierstrass theorem one has a(x, ■,</>) £ (B A ) m ; see 
either [53 Proposition 1] or [56l Proposition 3.1]. As a result, we end up with 

the fact that the function (x,y) H> a(x,y,ip(x,y)) belongs to C(Q;B A ) m , hence to 
C(Q; B p A '°°) m where B A '°° = B P A n L°°(R%). 
We now use (iv) to get 



Q 

- / a £ {-,ip £ ) ■ tp e dx. 

Jq 

Taking the liminf£y 3£ _>.o of the both sides of the above inequality we get 



(a%;v E )-a%-,r))-(v s -r)dx>0 

JQ 

or equivalently, 

a £ (■ ,v e ) ■ v £ dx > I a £ (-, v e ) ■ ip e dx + I a £ (-, ip e ) ■ v e dx 



liminf / a £ {-,v e ) ■ v e dx > // z$ ■ ipdxdfi + // a(-, ip) • vodrf{3(%>) 



E'3e-*0j t) J .lQxA(A) JJQxA(A) 

a(-,ip) ■ ipdxd/3 

}xA(A) 

where: for the first integral on the right-hand side of (|3.5|) . we have used the 
definition of the weak ^-convergence for the sequence (a £ (-,v e )) e , for the second 
integral, we have used the definition of the weak E-convergence oi(v E ) E associated 
with the fact that (|3.1I) also holds for test functions in C(Q; B A '°°) and so by taking 
a(-, ip) as a test function, and finally for the last integral, we use the same argument 
as for the preceding integral. Therefore, subtracting JJq x /^^ Zo-Vodxd/3 from each 
member of (|3.5|) . we end up with 



fe^-k a£ ^ V£ ^ ' V£<ix ~ SIqxA(A) *° ■ vodxdfi > 
-JJqxA(A) (z Q -a{-^))-(v -^)dxdl3 V^e [C^(Q)®A] m , 

The right-hand side of (|3.6j) is of the form g(x, s, ip(x, s)) and, due to the fact that 
z G L p '(Q x A(A)) m , one easily deduces from (iv) that g(x,s,ip) € L X {Q x A{A)) 
for any if> € L' P (Q x A(A)) m , so that the operator G defined here as in Lemma 0] 
(by taking there I = Qx A(A), Fi = L P (Q x A(A)) m , F 2 =L 1 (Qx A{A))) maps 
L P (X]F\) into L 1 (X;F2). In view of Lemma IU G is continuous under the norm 
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topology. As a result, the inequality p.6j) holds for any ip € L P (Q x A (A))" 1 (that 
is for any ip € L p (Q;B A ) m ). Hence taking in (|3.6|) ip — vq we readily get p.4j) . 

For the last part of the theorem, assuming that (13.41) is actually an equality, we 
return to (|3.6I) and take there ip — v + tw, w G L P (Q; B p A ) m being arbitrarily fixed 
and t > 0. Then we get 



IL 



(z -a(;v +tw)) -wdxdfi < Vw G L p {Q;B p A ) m . 

QxA(A) 

Letting t — > 0, and then changing w for —w, we end up with 

(z -a(-,v )) ■ wdxd(3 = Vw G L p (Q;B p A ) m , 

xA(A) 

which implies = a(-, uo). □ 

As was said before the statement of Theorem [8) if we take a(x, y, A) = |A| P 2 A 
and m = 1, then we arrive at the claimed conclusion by the above theorem. The 
next result gives the characterization of the E-limit of sequences involving gradients. 

Theorem 9. Let 1 < p < oo. Let X be a normed closed and convex subset of 
W 1,p (Q), Q being an open subset o/R . Assume (u £ ) £< ze is a bounded sequence in 
W 1,p (Q) such that u £ G A for all e G E. Let A be an algebra wmv on M.y . A 



ssume 



further that X is compactly embedded in L P (Q). There exist a subsequence E' from 
E and a couple (uq,u\) G X x L P (Q; B^ A ) such that as E' 9 e — > 0, 

(i) u £ u in L P (Q); 

(ii) du e /dxi — > duo/dxi + dui/dyi in L p (Q)-weak E, 1 < i < N. 

Proof. By Theorem [5] and the refiexivity of W 1,P {Q), there exist a subsequence 
E 1 from E, a function uq G L p (Q; B a ), u G W 1 ' p (Q) and a vector function v = 
{vi)i<i<N G L P (Q; B A ) N such that, as E' 3 e — > 0, we have u £ — > uq in i p (Q)-weak 
S, u 6 — > u in VF 1,p (Q)-weak and Du £ -» v in i p (Q) JV -weak E. At this level we 
must check that (a) u = u e X and (b) there exists a function u\ G L P (Q; B^ A ) 
such that v = _Dito + D y u±. 

Let us first prove (a). First and foremost, since X is normed closed and convex, 
it is weakly closed, so that u G X and u £ — > u weakly in A as i?' 9 e — >• 0. 
Therefore, because of the compactness of the embedding A L P (Q) we have 
w e — » u in L P (Q), and so u £ -> u in L p (Q)-weak E. We deduce that u = uq, that 
is u G i p (Q) n A. 

(6). Let us derive the existence of u\. Let § £ {x) = ip(x)^(x/ex) (x G Q) 
with 93 G CHQ) and * = {^j)i<j<N with p^O) := (Q(i>j))i<j<N € V div (i.e. 
divy^*)] = 0). Clearly 



j=i - -j j=i - Q 

where ipj(x) = ' t Pji x / £ i)- Passing to the limit when E 1 3 e — > yields 

N ff ■"* N ff ~ dip 

> / / Vjcpxjjjdxd/3 = — y / / UQipj— — dxd(3, 

j=1 J jQxA(A) j = 1 J JqxA(A) " x j 
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or equivalently, 

(v - Duo) • = 0, 



// 

J Jo 



lQxA(A) 

and so, as ip is arbitrarily fixed in C^°(Q), 

(v(x, s) - Du Q (x)) ■ $(s)d/3 = V* G Vdiv, a.e. x G Q. 

A(A) 

Therefore, the Proposition [5] provides us with a function Ui(x, •) G BjR sucn that 
v(x, •) — Duq{x) = D y ui(x, •) for a.e. x G Q. 

This yields the existence of a function U\ : x i-> Ui(x, •) lying in L P (Q; BjIa) such 
that v = Duq + D y u\. This completes the proof. □ 

Remark 4. The conclusion of Theorem [9] generalizes all the results so far existing 
in the framework of deterministic homogenization theory. In fact, Theorem [9] works 
in all the environments: the ergodic one and the non-ergodic one since we do not 
assume any ergodicity property on the algebra A. 

The S-convergence method also applies to time dependent functions. To see this, 
let A y and A T be two algebras wmv on and R r respectively. Let A = A y A T 
be their product [30J EH [35] . We know that A is the closure in BUC{R^+ 1 ) of the 
tensor product A y <£> A T . Points in A(A y ) and A(A T ) are denoted respectively by 
s and so- We know that A(A) = A(A y ) x A(A T ) (Cartesian product) and further 
if (3 (resp. /? , (3 T ) is the M- measure for A (resp. A y , A T ) then /J = /3 y ® /? T ; the 
last equality follows in an obvious way by the density of v4 y A r in and by the 
Fubini's theorem. 

Now, let < T < oo and let Q be an open subset in R N . Set Q T = Q X (0,T). 
We have the following well-known time-dependent version of the ^-convergence. 

Definition 3. A sequence (m e ) £ >o C L p (Qt) (1 < p < oo) is said to weakly S- 
converge in L p (Qt) to some Mo G L p (Qt; B a ) if as e — > 0, we have 

u £ {x,t)f ix,t, — , — J dxdt — > 11 uo(x,t,s,sa)f(x,t,s,so)dxdtd0 

Qt V £ 1 £ 2/ JJq t xA(A) 

for every / G L P '(Q T ; A) (1/p' = 1 - 1/p). 

In Definition E3 we assume E\ and £2 to be any sequences of positive real numbers 
such that e\, £2 when e — > 0. We recall here that, as before, u = Q\ o u and 
f = G f , Gi being the isometric isomorphism sending onto L P (A(^4)) and 5, 
the Gelfand transformation on A. 

The homologue of Theorem[9]is valid mutatis mutandis in this context. In order 
to state this, we need further preliminaries. For 1 < p < 00, set 

V p = {v G L p (0,T;W^ p (Q)) : v' = dv/dt G L p ' (0, T; W~ 1,p> (Q))}, 

a Banach space with the norm \\v\\ VP = \\v\\ Lp(0 ^ t . w i,p {Q)) + \W\\ L p' (o^-w- 1 ^' (Q)) 
(v G V p ) with further the property that V p (for p > 2) is, continuously embedded 
in the space C([0, T]; L 2 (Q)) and compactly embedded in the space L p (Qt) (for 
1 < p < 00). With all that in mind, we have the following important result whose 
proof is copied on that of Theorem [9j and is therefore omitted. 
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Theorem 10. Let 1 < p < oo. Let Q be an open subset in K . Let A = A y A T 
be as above. Let (u £ ) e£ e be a bounded sequence in V p . There exist a subsequence 
E' from E and a couple u = (uo,ui) G V p x L p (Qt',B p a (W t ]B^ a )) such that, as 
E' 3 e -> 0, 

u e — > no m V p -weak 

and 

g - g + ^ m L*(Q T ) W E (1 < i < AT). 

3.2. The ^-convergence for stochastic processes. In order to deal with ho- 
mogenization problems related to stochastic PDEs we need to give a suitable notion 
of ^-convergence adapted to stochastic processes. In all that follows, Q and T are 
as above. 

Let (f2, J 7 , P) be a probability space. The expectation on (il, J 7 , P) will through- 
out be denoted by E. Let us first recall the definition of the Banach space of bounded 
^-measurable functions. Denoting by F(f2) the Banach space of all bounded func- 
tions / : fi — > M (with the sup norm), we define B(Q) as the closure in F(f2) of the 
vector space H(H.) consisting of all finite linear combinations of the characteristic 
functions lx of sets I £ J. Since T is an cr-algebra, B(SY) is the Banach space 
of all bounded ^-measurable functions. Likewise we define the space B(il; Z) of 
all bounded (J 7 , Bz) -measurable functions / : O — > Z, where Z is a Banach space 
endowed with the tr-algebra of Borelians Bz- The tensor product B(il) <g) Z is a 
dense subspace of B(Vl\Z): this follows from the obvious fact that B(fl) can be 
viewed as a space of continuous functions over the gamma- compactification [61] of 
the measurable space (O, J 7 ), which is a compact topological space. Next, for X a 
Banach space, we denote by L p (fl, J 7 , P; X) the space of X-valued random variables 
u such that is L p (il, J 7 , P)-integrable. 

This being so, we still recall some preliminary as in the preceding subsection. Let 
A y and A T be two algebras wmv on and R T respectively, and let A = A y A T 
be their product. We denote by A(A V ) (resp. A(A T ), A(A)) the spectrum of A y 
(resp. At, A). The same letter Q will denote the Gelfand transformation on A y , 
A T and A, as well. Points in A(A y ) (resp. A(A T )) are denoted by s (resp. sq). The 
M-measure on the compact space A(A y ) (resp. A(A T )) is denoted by (3 (resp. 
/3 T ). We know that A(A) = A(A y ) x A(A T ) and the M-measure on A (A) is the 
product measure (3 = (3 y (3 T . Points in Q are as usual denoted by w. Unless 
otherwise stated, random variables will always be considered on the probability 
space (SI, J 7 , P). The other notations are as before this subsection. 

Definition 4. A sequence of random variables (u £ ) £> q C L p (il, J 7 , P; L p (Qt)) (1 < 
p < oo) is said to weakly T,-converge in L p (Qt x f2) to some random variable 
u Q G L p {il, J 7 ,P;L p (Q T ;B p A )) if as e ^ 0, we have 

Hqt xnxA(A) *' s ' So ' w )/( a: ' *> s > s 0' uj)dxdtd¥d/3 

for every / G L p ' (il, J 7 , P; L p ' (Q T ; A)) (1/p' = 1 - 1/p), where u = <5i o u and 
f = Gi ° (q ° f) = Q ° f- We express this by writing u e — > uq in L p (Qt x fl)-weak 
S. 
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Remark 5. The above weak E-convergence in L p (Qt x fi) implies the weak con- 
vergence in L p (Qt x SI). One can show as in the usual setting of E-convergence 
method that each / £ L p (fl, J 7 , P; L p (Qt; A)) weakly E-converges to go f. Defini- 
tion |4] generalizes Definitions [T] and [3] straightforwardly. 

In order to simplify the notation, we will henceforth denote £ P (S1, J 7 , P; X) merely 
by L P {Q,]X) if it is understood from the context and there is no fear of confusion. 
Assume for a while that p = 2. Then the definition above can be formally motivated 
by the following fact: using the chaos expansion of u e and / we get u e (x,t,uj) — 
Y%Li w £,j(M)$jM and f(x,t,y,T,u) = J2T=x fk{x, t, y, T)$ fe (u;) where u eJ £ 
L 2 (Qt) and f k £ L 2 (Q T ;A), so that 



u e (x, t, cj)f I x,t, — , -,uj I dxdtdF 



■ xfi 



e e 



can be formally written as 

$>j(L))<f> k (L))dF I u e ,j(x,t)f k I x,t, -, - I ctedi, 



X t 



E 



and by the usual E-convergence method (see Definition |3]), as e — > 0, 

u £ j(x,t)f k (x,t, -, - ) dxcft ->• / / u j(x,t,s,s a )f k (x,t,s,s )dxdtdp. 

\ e ej JJq t xA{A) 

Hence, by setting 



u (a;,t,s,so,w) = u 0tj (x, t, s, s )$j (u); f (x,t,s,s ,w) = }]fk (%,t,s,s )$ k {u) 
j=i k=i 

we get (|3.7[) . This is what can formally motivate our definition. 

As in the preceding subsection, all the results together with their proofs can be 
carried in the present context, mutatis mutandis. We just state a few. 

Theorem 11. Let 1 < p < oo. Let (u e ) £( zE C L p (fl; L p (Qt)) be a sequence of 
random variables verifying the following boundedness condition: 

sup E IKH P lp( Qt ) < oo. 

Then there exists a subsequence E' from E such that the sequence (u e ) eS E' is weakly 
^-convergent in L p (Qt x SI). 

Theorem 12. Let 1 < p < oo. Let (u E ) eeE C L P (S1; L p (0, T; Wq' p (Q))) be a 
sequence of random variables which satisfies the following estimate: 

supE||n E ||^ (0)T;< „ (Q)) <co. 

Then there exist a subsequence E' of E and a couple of random variables (uo, u\) 
with u £ L p (tt;L p (0,T;W o 1 ' p (Q))) and u x G LP (ft; L P {Q T ; B\ t (R t ; B^ p Ay ))) such 
that, as E' 3 s — >• 0, 

u £ — > uq in L p (Qt x fl)-weak 
and _ 

dlle ^ duo + dui m lp{Qt x n) _ wmk Sj 1 < i < AT. 

axi dxi dyi 
Theorem 1121 will be very useful in the last section of this work. 
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4. Young measures generated by an algebra with mean value 



In this section we assume that the algebra A is separable. This assumption is 
not fundamental, but it is made just to simplify the presentation of the foregoing 
section. 



Let E p (1 < p < oo) denote the space of continuous functions $ : Qx M. N : 
K satisfying the following conditions: 

(CI) $ e C(Q x R m : A) 

(C2) lim^i^co ^ow^ exists uniformly in (x,y) e Q x R^. 

Let if = R m be the Alexandroff one point compactification of R m : R m = 
R m U {oo}. Each element $ of E p extends to a unique element * of C(Q x K; A) 
as follows: 

( <S>(x,y,\) ;r /n _ „, ^ c 7) v roAT 



*(x,y,A) 



^f|^ if (z,t/,A) eQxM - < 



Besides * verifies the property that there exists c > (depending on $) such that 



|*0r,2/,A)|<c(l + |A| p ) V(x,y,\)eQx 



X if. 



On the other hand, the Gclfand transformation Q being an isometric isomorphism 
of A onto C(A(A)), we construct an isometric isomorphism of C(Q x K;A) onto 
C(QxK; C(A(A))) =C(Qx A(A) x K) (which is separable), so that E p is separable. 
Equipped with the norm 

11*11 = sup m ^ X)l 
11 11 _ sup p , 

xeQ,yEVL N ,\£TBL m 1 + i A i 

E p is a Banach space. We denote by V(R m ) the space of probability measures on 
R m . This being so, we have the following result. 

Theorem 13. Let Q be an open bounded subset ofR N . Let 1 < p < oo, and let A 
be an algebra wmv on M.y . Finally let (u e ) se E (E being a fundamental sequence) 
be a bounded sequence in L p (Q;M. m ). There exist a subsequence E' from E and a 
family v = {v x , s ) x eQ,seA(A) € L°°(Q x A(A);V(R m )) such that, as E' 3 e -> 0, 



x, — , u E (x) ) dx 



QJA(A) 



$(x,s,X)dv XtS (X)d(3(s)dx (4.1) 



for all $ e E p . 

Proof. For fixed * e C(Q x K; A)), let us define fi £ (e £ -E 1 ) as follows: 



We have 



Q 



x, — ,u E (x) ) dx. 



< 



sup 1*0 (x,y, X)\dx. 
Q v,x 



Q being an isometric isomorphism of A onto C(A(A)) and as {%, "j A) G A, we 



have sup eR « |* (a, y, A)| = sup. 



sGA(A) 



*o (x,s,X) 



hence 



< 



/ sup 

Jq s,\ 



*o (x,s,X) 



dx 



*o 



Li(Q;C(A(A)xiT)) 
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Thus n e (continuous linear functional on the subspace {t^o : t £ R} of L 1 (Q;C(A(A) x 
K))) extends (in a non unique way) to a continuous linear form on L 1 (Q;C(A(A) x 
K)), denoted by ju £ , and satisfying 

W^e\\L°°(Q-M(A(A)xK)) - 1 ( £ G E ) 

where M. ( A ( A) x K) (the dual space of C ( A(A) X K )) is the space of Radon measures 
defined on the compact space A (A) x if. Because of the Banach-Alaoglu theorem, 
there exist a subsequence E'(^ Q ) of E and some /x £ L°° (Q; M(A(A) x if)) such 
that, as E'(^ ) 3 £ -> 0, 

£ £ in L°°(Q;A4(A(A) x iT))-weak* . 
In particular we have, as .E'^o) 3 £ ^ 0, 

*o ( a;, — -, u e (x) ) dx -> / / *o(a!)S, A)d^ x (s, A)c£e. (4.2) 

Q V £ 1 / JqJA(A)xK 

Ep being separable, let {^/^ : k £ N} be a countable dense subset of E p . For 
simplification we put E — (e n )nGN- We have in hand a family {.E'^fc) : k £ N} 
of subsequences of E obtained by repeating the argument used to get (|4.2[) and 
satisfying the following relation: E'{^k+i) C E'(^k) for each k £ N. By the well- 
known diagonal process we construct a subsequence E' from the family {E'(^k) ■ 
k £ N} satisfying, as E' 3 e -> 0, 

( x, — ,u £ (x) ) da; -> / / $fc(x, s, \)d(J, x (s, \)dx Vfc € N. (4.3) 

V £ i / JqJa(A)xk 



By a mere routine we get (|4.3[) by replacing ^ with any ^ in E p . It is evident 
that, for a.e. x £ Q, \i x is a probability measure: in fact, taking in (|4.3[) \& = 1, we 
are led (by the uniqueness of the limit) to Sa(A)x.k ^ k ( s : A) = !• 

Next, using the same argument as the one used in the proof of |48[ Theorem 7] we 
see that the boundedness of (u e ) e ^E in L P (Q; R m ) implies that fi (thus constructed) 
is supported by Q x A (A) x R m , so that 



^(x, s, X)dfi x (s, X)dx = / / ^(x, s, \)d[i x (s, \)dx 

I Q J A(A)xK JQ JA(A)xR m 

for all * £ C(Q;C(K;A)). Thus, by g5J Theorem 3], fi is the weak *-limit of 
(Ji e ) eeE i in L°°(Q;M(A(A) x R m )) and thereby, defined a family of probability 
measures {h x ) x( zq with fj, x £ M(A(A) x R m ). Let v x denote the projection of fj, x 
onto A(A). Let us show that v x = /?. For that, let p\ denote the projection of 
A(A) x R m onto A(A): pi(s,A) = s, (s, A) <= A(A) x R m . We have the obvious 
equality 



(go Pl )( s ,\)d» x (s,\)= g{s)dv x {s) (g£C(A(A))). (4.4) 

A(A)xl™ JA(A) 

This being so, let h £ A, and let tp £ K.{Q) (the space continuous functions on 
with compact support contained in Q). Set 

$(x, y, A) = <p(x)h(y) (x £ Q, y £ R N , A £ R m ). 

Then $ £ C(Q;C(K; A)) and so, as E' 3 e -> 0, 

tp(x)h ( — J dx — > / / ip(x)h(s)dfi x (s, A). 

Q JQ JA(A)xR™ 
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On the other hand, we have, as E' 3 e — > 0, 



We deduce that 



ip(x)h ( — 1 dx — > / / ip(x)h(s)d/3(s)dx. 

£\) JqJa(A) 



h(s)dfj, x (s, A) = / h(s)d(3(s) a.e. ieQ, 

A(A)xI™ iA(A) 



or, taking into account (|4.4|) . 



h(s)dv x (s) = / h(s)dP(s). 

>A(A) J A{A) 

Since the above equality holds for every ft, £ A, we deduce that v x = (3 a.e. x £ Q 
(hence is homogeneous, i.e. is independent of x). Thus, using the Valadier's 
result on disintegration of measures [3H1 Theorem 2], there exists a probability 
measure v XiS (s £ A(A)) on R m such that 

= v x,s ® j8. 

We are therefore led to (14.1[) for all $ € -E p . This completes the proof of the 
theorem. □ 

Theorem [T3\ yields the following 

Definition 5. The family of probability measures {vx.s}xeQ.seA(A) is called the 

Young measure associated with (u e ) E ^E o,t length scale £\. 

The concept of Young measures is weaker than the one of weak E-limit as shown 
by the following result. 

Corollary 2. Let 1 < p < oo. The function uq £ L P (Q; (B A ) m ) defined by 
Gi{u )(x, s)= Ad*/ X>S (A) ((x, s) £ Q x A (A)) 

JUL™ 

is the weak Yi-limit of (tt e ) £ gE'. 

Proof. Let g £ JC{Q;A). Set 

$*(x, y, A) = <?(x, y)A, ((x, y, A) e Q x x M m ) (1 < i < m), 

where A = (A,-)i<j< TO . Then $ l is continuous onQxK^xM™ (so is of Caratheodory's 
type on Q x R N xR m ). Besides, as |A,| < 1 + |A| P for all A £ W n , we have 

& (x,^-,u e {x)j <c(l + K(x)H 

where c = sup xG Q yf£R N \g{x, y)\ < oo. The sequence -/£i, u s )) e ^E' is therefore 

uniformly integrable since p > 1. We deduce from 50, Theorem 17] that, as 
E' 3 e -> 0, 

<? ( x, — ) u*(x)dx — ► / / / g{x,s)\idv XtS (X)d[3{s)dx 

Q \ £ lj JQJA{A)JK m 

where is the ith component of u e , 1 < i < m. But by the definition of the weak 
S-limit, if Uq £ L P (Q;B^) is the weak E-limit of (u l e ) e& E', then, as E' 3 e — >• 0, 

y(x, — ) u\ (x)dx — > / / g(x,s)u l (x,s)dP(s)dx, 
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hence, comparing the above convergence results, we deduce that 

Uo{x,s) = / Xidv XlS (X), 

JR™ 

which completes the proof. □ 

Remark 6. Due to the preceding corollary ,it is now clear that Theorem [11] gen- 
eralizes Theorem [5] of the preceding section. 

The next result is very useful in practise. 

Theorem 14. Let {u e ) e( zE be a bounded sequence in L p (Q;M. m ) (1 < p < oo) with 
associated Young measure (i J x,s)xeQ.seA(A)- The following properties hold: 

(i) Let <f> : Q x 1^ x W n — s- [0, +oo) be a Caratheodory integrand, i.e., <&(•, y, •) 
is continuous for all y G and $>(x, •, A) is measurable for all (x,X) G 
Q x M m . Assume further that 

$(a;,-,A) g B\ V(x,A) G Q x K m . 

Then 

II I $(x, s, X)du x 8 (X)df3(s)dx < liminf / $ ( x, — , uJx) ) dx. 

JqJa(A)JK™ EBs-*iJ Q \ e\ J 

(ii) If in addition to (i), the sequence ($(•, -/£i, u e )) e ^E is uniformly integrable, 
then $(x, s, •) is v x ^-integrable for a.e. (x,s) G Q x A(A). Besides there 
exists x G L 1 (Q; B\) such that 

Qx(x)(x,s)= $(x,s,X)dv x>s (X) a.e. (x,s) G Q x A(A) (4.5) 

and 

$(■, -/ex,u e ) -> x in L 1 (Q)-weak E. (4.6) 
(hi) The barycenter (x,s) J Rm Xdi/ x<s (X) belongs to L P (Q x A(A);R m ). 

Proof. Thanks to the density of A in B\, (i) is a direct consequence of [SHI Theorem 
16]. As for (ii), the integrability of $(x, s, ■) is a consequence of 50; Theorem 
17] (see also @E1 G3 0]). Let us check and flM]). Let g G /C(Q;A); define 

* : QxM w xIR m — >• R by ^(x, y, X) = g(x, y)$(x, y, A). Then * is of Caratheodory's 
type on Q x R. N x R m and ^(-, ■ /ei,u £ ) is uniformly integrable. In view of [501 
Theorem 17] we have, as 9 e — > 0, 

* ( x, — ,u E (x) ) dx / *(x,s, X)dv XiS (X)dl3{s)dx 

\ £ i J JqJa(A)Jr™ 

= / g(x, s)$(x, s, X)dv XtS (X)d/3(s)dx. 

JQ J A(A) JR m 

But, ($(•, -/ei, u £ )) ee B is uniformly integrable, so because of the TheoremlHl there 
exist a subsequence E 1 from E and a function x G L 1 (Q\B\) such that 

$ — , -> x m L 1 (Q)- weak S as E' 3 e -> 0. 

Thus, for <?, we have, when 9 e — > 0, 



g ( a;,— ] $ I x, — ,u e (x) ] <fa;-> / / g(x, s)x(x, s)df3(s)dx, 
£xj \ £x J JqJa(A) 
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hence, comparing the above convergence results yields 



$(x,s,\)dv XjS (X), 



form which, (|4.5j) and (|4.6|) . Finally, let us check (iii). If in (ii) we choose 
<5>(x,y, A) = |A| P then by using Jensen's inequality we are led to 

p 



QJA(A) 



Xdv XtS (X) 



QJA(A) 



\\\ p dis x . s {\)d/3(s)dx 



d(3dx < 

< liminf / \u E (x)\ p dx < +00, 

hence (iii). 

The following result characterize the strong convergence. 



□ 



Proposition 8. Let (u e ) ee E be a bounded sequence in L p (Q;M. m ) (1 < p < 00), 
and let (v x , s )xeQ,seA(A) be the associated Young measure. Assume that either v £ 
L p {Q;(A) m ) orv€C{Q;(B p A ) m ). Then 



v x ,s = h(x,s) if and only if lim \\u e - v e \\ LHQ)ri 



0. 



where v s (x) — v(x, x/ei), x € 



Proof. Assume that v X:S = 6%t XtS \ where v is either in L P (Q; (A) m ) or inC(Q; (B A ) m ). 
Set $(x, y, A) = | A — v(x, y)\; then $ is a Caratheodory function and further, <fr > 0. 
Moreover the sequence ($(•, -/si, Ue))eeE is uniformly integrable since by setting 
ip(t) — t p (t > 0), <p is inf-compact and 

p 



Q 



£l 



-,u £ 



dx 



Q 



< 2 P 



< M 



u e (x) — V I X, — 
|w e (a;)| p dx + 



dx 



v x, 



dx 



where M is a positive constant independent of e. Applying [part (ii) of] Theorem 
Q31 we get, as E 3 e -> 0, 



Q 



$ ( x, — , u e (x) ) dx — > 



But 



'QJA(A) 

$(x,s,- 



v x , s , ®{x, s, •) ) dj3{s)dx 



$(x, s, v(x, s)) 



\v(x, s) — v(x, s)\ — a.e. (x, s) 6 Q X A(A). 



On the other hand 



<f> ( x, — ,u e (x) ) dx = 



u e (x) — v I x 



dx = \\u e - v E \\ Ll(Q) . 



Now assume that II u P — v e \ 



->• as E 3 e -t 0. Let g e K{Q;A); Applying 



once more [part (ii) of] Theorem [T4l with $(x,?/,A) = g(x, y) \X — v(x, y)\ we get, 
when £3e->0 



/ $ (x, —,u e (x)) dx^ \ 
Jq V £ i / JqJa(A) 



g(x, s) |A — v(x, s)\ di/ XtS (\)df3(s)dx. 
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But 



$ ( x, — , u s (x) ] dx 



Thus 



< llsIL IK - v e \\ LHQ) -> when £9f^0. 
g(x, s) (i/jt.a, |A - v(x, s)\) d/3dx = V g G /C(Q; A), 

IQJA(A) 

hence (u XjS , |A — v(x, s)|) =0 a.e. {x, s) G Q x A(A), which leads to za^ = ^( x , s )- 

'□ 

5. HOMOGENIZATION OF A CONVEX INTEGRAL FUNCTIONAL 

All function spaces and scalar functions are real- valued in this section. 

5.1. Setting of the problem. Our main concern here is the study of the asymp- 
totic behavior (as e — > 0) of the sequence of solutions of the problems 

min {F e (y) : v G Wo' p (Q;]R n )} 

where the functional F £ is defined on L p (Q;R n ) by 

F e (v) = ! l Q f&l> Dv (x))dx, veW^ p (Q;R n ) (JU) 
6 \ +oo elsewhere, 

Q being a bounded open set in R N and / : Qx R N x R nN — > [0, +oo) a Caratheodory 
function (i.e., /(x, •, A) is measurable and f{-,y,-) is continuous) satisfying the 
following conditions: 

(Hi) /(x, y, •) is strictly convex for almost all y G R N and for all x G Q, 
(H2) There exist three constants p > 1 and c\, C2 > such that 

dlAI" </(x,y,A)< C2 (l + |A| p ) (5.2) 

for all (x, A) G l w x W lN and for almost all y G l w . 

From the above hypotheses, for any fixed e > and for v G L P (Q; M. nN ), the 
function x H> / (x, x/e, v(x)) of Q into R + (denoted by f e (-,-,v)), is well defined 
and lies in L 1 (Q), with 

ci ||«||£,( Q )»j» < \\f e (-r,v)\\ L1(Q) < 4 (l + IK'IH P(Q) „») 

where cj, = C2 max(l, |Q|) with \Q\ = Jgdx. Hence (|5.1[) makes sense and, by 
classical arguments, there exists [HI [21] (for each fixed e > 0) a unique w e G 
W 1,P (Q;]R") that realizes the infimum of F £ on L P (Q; R nN ), i.e., 

F £ (u £ )= min F £ {v). (5.3) 

t)eW 1 ' p (Q;K") 

Our objective here amounts to find, under the assumption that 

/(x, A) G B\ for all x G Q, A G M' iAr , (5.4) 

(where ^4 is an algebra wmv) a homogenized functional F such that the sequence 
of minimizers u £ converges to a limit u, which is precisely the minimizer of F. 

This issue has already been addressed in many papers (see in particular [3l [6j 
|22"1 [31]). In [31] the general deterministic homogenization of (|5.1[) is addressed, 
but in separable ergodic algebras wmv using the S-convergence method. Here no 
ergodicity assumption is made on the algebra A and moreover, we use the Young 
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measures theory to solve the problem. This reduces considerably the length of this 
section in contrast to what has been done so far; see e.g. |31j . So we mean here to 
provide by means of Young measures generated by an algebra wmv, a full study of 
the functional F £ in the general framework of algebras wmv. 



5.2. Homogenization result. Let A be an algebra wmv. Using (|5.4|) and some 
well-known results (see e.g. [HH Proposition 2.3], [56l Proposition 3.1]) one can eas- 
ily define the function /(-,-,w) : (x,y) ->■ f(x,y,w(x,y)) (for w G L P (Q; (B p A ) nN )), 
as an element of i 1 (<5; B\) with 



f(x,s,w(x,s)) = G(f(x, -,w(x, -)))(s) a.e. in (x,s) G Q X A (A). 

Now, let 

F^ = <^(Q;M")xLf(Q;(B^n. 
¥q' p is a Banach space under the norm 



l U ll F ^ = ( \\ U o\\ P w ^p {Q) n + \\ U ^\ P LP(Q-(B^ A )") I ( U = ( U 0,U!) G Fj' P ), 



AT 



(where IMI^g-rg^)™) = (EE \\ du hi/dyj ||L(q-b* )) VP for Ul = ( u i,i)i<i<n) 
* f=ij=i A 

admitting F °° = P(Q) n x [D(Q) (g) (g(A)) n ] as a dense subspace. 

We can now state and prove the main result of this subsection. 



Theorem 15. Let A be a separable algebra wmv such that (|5.4[) holds. For each 
e > 0, let u e be the unique solution of (|5.3j) . Then, as e — > we have 

u e -> u m VV 1,p (Q) n -weoifc (5.5) 

^ duo + d^i in LP{Q)n wmk E (i < 4 < at) (5.6) 
dxi da;, dyi 

where u = («o, mi) G Fj' p is t/ie unique solution of the variational minimization 
problem 

F(u) = inf F(v) (5.7) 
with the functional F defined on LP(Q;M. n ) x LP(Q; (B^ p A ) n ) by 

Iq Ia(A) f( x > s ' Dv ° + dvi)d/3dx for v G Fj' p 
+oo elsewhere 



F(v) 



and d«i = -D^wi . 

Proof. First of all we see that Eq. (|5 . T[) possesses a unique solution since the func- 
tion f:Qx A(A) x K nN -> [0,oo), f(x,s,X) = g(f(x,-,X))(s) is a Caratheodory's 
type function which is strictly convex in A. 

Now, in view of the growth condition (|5.2[) . the sequence (u £ ) e> o is bounded 
m W ' p (<2) n and so the sequence f £ {-,-,Du e ) is bounded in L 1 (Q). Thus given 
an arbitrary fundamental sequence E, there exist a subsequence E' from E and a 
couple u = (u ,ui) G Fj' p such that (|5.5p - (15.6[) hold whenever E' 9 e — > 0. If we 
show that u solves (|5.7p then thanks to the uniqueness of the solution to (|5.7I) , the 
convergence results ()5.5[) - (|5.6[) will hold for e — > 0. Thus our only concern here is to 
check that u solves (|5.7[) . To this end, let (^x,s)xe<2,seA(>l) be the Young measure 
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associated with (Du e ) e ^E' at length scale e. Thanks to [part (i) of] Theorem [141 
we have 



f(x,s,\)dv xs (\)d(3(s)dx< liminf / / (x, -,Du e ) dx. 



IQJA(A)JR" N C ^ U JQ 

But due to Jensen's inequality one has 



/(x, s, X)di/ XtS (X)dP(s)dx > / / f[x,s, \dv XtS (\) ) d/3(s)dx, 

Q J A(A) JR nN JqJa(A) V / 

and by Corollary [3J 

/ / /(x, s, Duq + D y iii)dj3dx < liminf / f(x,—,Du e )dx 
JqJa(A) ' " E '3e^oJ Q \ e J 

since J RnN Xdv x>s (X) = Du (x) + D y ui(x, -)(s) = G\{Duq(x) + D y u 1 (x, •))(«)• So, 
let £7( be a subsequence from E' such that 



liminf / f ( x, — , Du F ] dx = lim / f [x, —,Du F \ dx. 
We then have 

f(x,s 7 Duf) + D y ui)d(3dx< lim / / ( x, — , -Dm e ) dx. (5-8) 

. /A(A) E 'i3e^0j Q \ £ J 

Let us establish an upper bound for lim^ 3£ ^ Jq I i x i x / £ i Du e ) dx. To do that, let 

$ = W> , e n (^i)) g ^o°° with ^ g p(Q)", Vh = (^i,i)i<i<n e [2?(Q) ® te(^°°)) n ], 

Q n {^i) = (q(^i i))i<i<n- We define <I> e as follows: $ £ = ^ + e^> 1 , that is, $ e (x) = 
i^o(x) +£ipi (x, x/e) for x £ Q. Then $ e 6 R , '' , (Q) n ) and, since it £ is the minimizer, 
one has 

J f(x,~,Du E ^ dx< J f (x,^,D$ e (x)J dx. 

Set v £ (x) — f (x, x/e, Du £ ) (x <E Q), £ € E[. Then (w £ ) e g_E; is uniformly integrable; 
indeed let ip(t) = t 2 (t > 0); then ip is inf-compact, f(t)/t — > +oo as t — » +oo, and 
further 

f <p(v e (x))dx < 4 [ (l + \D<P e \ p ) 2 dx 
Jq Jq 

< C 2 2 \Q\ (1 + H^olloo + IWllloo + H^llloo) 2P 

< oo 

where \Q\ denote the Lebesgue measure of Q. The sequence (D$ e ) EeE ' i being 
bounded in L P (Q; W nN ) let (fj, x s ) x eQ,seA(A) be the Young measure associated with 
{D^ e ) e£ E' a t length scale e. Since / is Caratheodory and v £ = /(•, -/e, Du e ) is 
uniformly integrable, we deduce by [part (ii) of] Theorem [141 that, as E[ 3 £ — > 0, 

/ / fx, ~,D<S> e {x)) dx -> if I f(x,s,\)d(jL X3 (\)dp(s)dx. 
Jq ^ £ 1 JqJa(A)Jr" n 

But L>$ £ - (DtP + (AA) e ) = e(£>V>i) £ and so 

||D$ e - (DVo + (AA) £ )ll il(Q) -> as 3 e -> 0. 
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This yields by Proposition [8] that fi x s — S D ^ + fp^ , in such a way that 

lim / / (x, -,D$ s (x)) dx = \ \ f(x, s, Dip + Dyijj-Adpdx. 
E'^e^ajq V e J JqJa(A) 

Thus 

lim / / (x, — , Du e (x) ) dx < / / f(x, s, Dip + Dyip 1 )df3dx 
E'^e^ajq \ e ) JqJa(A) 

for any $ = (-0 O , e F °°, and by a density argument, for all $ G fj' p . 

Whence 

lim / / ( x, — , Du e (x) J < inf / / f(x,s,Dvo + D v v,)d(3dx. (5.9) 

The inequalities (|5.8|l and (|5.9|l yield (|5.7[) . This completes the proof. □ 

5.3. Some applications of Theorem 1151 We can consider the homogenization 
problem for (I5.3[) under a variety of assumptions as in the following examples. 

Example 1 (Homogenization in ergodic algebras). We assume that the algebra 
A is ergodic. This allows us to solve the following deterministic homogenization 
problems: 

(P)i The function / is periodic in y; 

(P)a The function / is almost periodic in y [TOl H2] ; 

(P)a 

fix, A) £ LJo.apOR^) for all z € Q and all A G M" w 
where AP (R N ) denotes the closure with respect to the seminorm \\-\\-y 
(defined in Section 2) of the space of finite sums 

with (ft G Boo(R N ), Ui G AP^), 

j4P(M w ) being the space of all continuous real-valued almost periodic func- 
tions on R N and Boo(R N ) the space of continuous real- valued functions on 
R w that converge at infinity. 

Example 2 (Homogenization in non ergodic algebra). We assume here that N = 1. 
Let A be the algebra generated by the function f(z) — cos yfz (z G K) and all its 
translates /(• + a), a G M. It is known that A is an algebra with mean value which 
is not ergodic; see [26] for details. Since A satisfies all the requirements of Theorem 
[T3l the conclusion of Theorem [TBI holds under the hypothesis 

(H) f(x, ■, A) G B\ for all (a?, A) G Q x R". 
The homogenization problem solved here is new. One can also consider other 
homogenization problems in the present setting of non-ergodic algebras. 

6. Homogenization of a stochastic Ladyzhenskaya model for 
incompressible viscous flow 

We assume in this section that all vector spaces are real vector spaces, and 
all scalar functions are real- valued. Let A y and A T be two algebras wmv on M.y 
and R T , respectively. We set A = A y A T , the product algebra wmv defined as 
in [3D1 I3H US]- Obviously, no ergodicity assumption is required neither on A y , 
nor on A T . We begin this section by giving some fundamental notions about the 
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probability theory and the stochastic calculus which will be necessary throughout 
the rest of the section. Although these concepts are well-known to specialists we 
hnd necessary to recall them in order to facilitate the reading of the paper. 

6.1. Some tools from Stochastic Calculus and Abstract Probability The- 
ory. Let T be a positive real number and let (fi, J 7 , P) be a probability space. On 
(f2, T, P) is defined a prescribed m-dimensional standard Wiener process W. We 
equip (fi, F, P) with the natural filtration (J rt )o<t<r of W . The mathematical ex- 
pectation on (fi, F, P) is denoted by E. Assume that X is a Hilbert space. We 
denote by X® m the Cartesian product X x ... x X, m times. Let u be a X- valued 
process such that 

(a) u(t) is ^'-measurable for each t, 

(b) E^\\u(t)\\ x ^dt<^o. 

For such a process we can define the stochastic integral (or Ito's integral) 

I(T)u := [ u(t)dW(t) 
Jo 

as the limit in probability of the sums 

n-1 

Y,u(t k )-(W(t k+1 )-W(t k )), 

fc=0 

as |A™| — > 0. Here |A™| = maxo<fc< n _i \tk — is the mesh (or modulus) of the 
partition A" = {0 = t < t\ < ... < t n = T} of / = [0,T]. We state an important 
property of the stochastic integral. See, for example, [T7] for its proof. 

Theorem 16. For a process u(t) satisfying (a) and (b) above, the stochastic process 
J u(s)dW(s) is an X -valued continuous martingale. Moreover, we have 

EI(t)u = 0, < t < T 

and 

E \I{t)u\ 2 x = E / \\u(s)f x ds, < t < T. 
Jo 

We note that for those ^'-adapted stochastic process u(t) such that 



f 2 

/ \\u(t)\ \ x dt < oo almost surely, 



||J(t)ti|| x is no longer a martingale but a continuous local martingale. 

Now let Z(t) be a K-valued Ito's integral with respect to a standard Brownian 
motion in K m defined by 



Z(*) = £ / 9j(s)dW^s), 



where {9j{s))i<j<m are ^'-adapted processes such that 

/ gl: (s)ds < oo almost surely, for 1 < j < m. 
Jo 

The corresponding Ito integrals exist and they are local martingales. We have the 
following result known as Ito's formula (see for example [40]). 
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Theorem 17. Let u(t) be a stochastic process given by 

u(t) = [ b(s)ds + Z(t), 



where b(s) is an adapted integrable process over [0,T] in R. Suppose that <p : R x 
[0,T] — > R is a continuous function such that <f>(x,t) is continuously differentiable 
twice in x and once in t. Then, the following holds 



0(«(i),t) = 0(u(O),Q) 



ds 



-ds 



dx 



-b(s)ds 



E 



d(f> (u(s),s) 
dx 



gj (s)dW>(s) 



1 m 

2 ^ 



— ft d 2 <j)(u(s),s) 
dx 2 



g 2 As)ds. 



As a special case we have the following Ito's formula for ||u(t)|| x ; we refer to [36] 
for its proof. We recall that W — (W 1 , W m ) is a standard Brownian motion in 



Theorem 18. Assume that £ is J-° -random variable in X with \\C\\r < 00 ■ Suppose 
that b(t), and gj(t) are J- 1 -adapted X -valued processes such that b(t) is integrable 
over [0, T] and 



1 pi rn -T 

EN \\b(t)\\ 2 xdt + J2j o \\9j(t)fxdt 



< CO. 



-Lei w(i) 6e a X-valued process given by 

pt rn „t 

u(i) = C+ / 6( s ) ds + y] / 

TTien we /icrae 

/•t m pt 

\\u(t)\\ 2 x = \\(\\ 2 x +2 ((b(s),u(s))) x d S + 2j2 ({gMM*)))xdW* 
Jo , =] Jo 

(6.1) 

E llft( s )llx ds ' 

where ((■,■)) x denotes the inner product inX. 

In what follows we quote the famous Burkholdcr-Davis-Gundy inequality (see 
e.g., [37] or [40]). 

Theorem 19. Let Z t be the Ito's integral in X given by 



X(s)dW(s) 



Then for any p > there exists a constant K p (K% = 5) such that 



E sup 

0<*<T 



X(s)dW(s] 



< K,rM 



X 



\\X(s)\\ x ds 
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provided that 



E 




\\X(s)f x ds) <™ 




Now we turn our attention to the weak convergence topology in the space of 
Borel probability measures on topological spaces (see e.g. [27 ). For a topological 
space X we denote by P(X) the space of Borel probability measures on (X,B(X)), 
B(X) being the Borel a- field of X. 

Definition 6. Let X be a topological space. 

(i) A family tyk of probability measures on (X,B(X)) is relatively compact if ev- 
ery sequence of elements oftyk contains a subsequence ^3/-. which converges 
weakly to a probability measure that is, for any bounded and continuous 
function 4> on X, 



(ii) The family *}3fc is said to be tight if for any e > 0, there exists a compact 
set K £ C X such that F(K e ) > 1 - e for every Pe^. 

For a Polish space X (that is, a separable and complete metric space), the fol- 
lowing theorem due to Prokhorov gives a sufficient and necessary condition for a 
sequence of probability measures on X to be weakly (or relatively) compact. We 
refer to [IT] (see also [37]) for its proof. 

Theorem 20 (Prokhorov) . The family Vfik is relatively compact if and only if it is 
tight. 

Next we present the relationship between convergence in distribution and con- 
vergence almost surely of random variables (see once again [17] or [27]). 

Theorem 21 (Skorokhod). For any sequence of probability measurestyk on (Q, J 7 , P) 
which converges to a probability measure there exist a probability space (f2', J-' ,¥') 
and random variables Xk, X defined on tt' such that the probability law of Xk (resp., 
X) is ^Pfc^resp., and lim? c _j. 00 Xk = X ¥' -almost surely. 

The following criteria for convergence in probability whose proof can be found 
in [23J need to be highlighted. 

Lemma 5. Let X be a Polish space. A sequence of a X -valued random variables 
{x n : n > 0} converges in probability if and only if for every subsequence of joint 
probability laws, {v nk ,m k ■ k > 0} 7 there exists a further subsequence which con- 
verges weakly to a probability measure v such that 



6.2. Statement of the problem and a priori estimates. Let (f2,.F, P) be a 
probability space. On (fl,jF,P) we define a prescribed m-dimensional standard 
Wiener process W. We equip (17, J", P) with the natural filtration (J 71 ) of W as 
in the preceding subsection. We therefore aim at studying the asymptotics of the 




u({(x,y)&XxX:x=y}) = l. 
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following stochastic generalized Navier-Stokes type equations 



du F + ( — div 



u e ■ Du E + Dq e dt 



a(l,l)Du e + b(l,t)\Du £ \ p - 2 Du £ 

= ftft + ff(f,|,u e )dW mQ T 
div u e = in Qt 
u e = on dQ x (0,T) 
u e (a;,0) = u°(x) in Q. 

(6.2) 

In order that l|6.2p becomes meaningful, we need to precise the data. Let Q be a 
smooth bounded open set in (N — 2 or 3), and let T be a positive real number. 
In Qt = Q x (0, T) we consider the partial differential operator (where D and div 
denote respectively the gradient operator and divergence operator in Q) 

d ( fx t\ d 











P e = - 


div 


Hi 


•OH 










where the function 


a = 


(ay) 


l<i.j<N 



^dn { aij {e'eJ dx 3 



assumptions: 



NxN satisfies the following 
(6.3) 
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and there exists a constant vq > such that 

N 

a ij (y,T)X i X j > v |A| 2 for all A = (A() G l w and a.e. (y,r) e R^+ 1 . (6.4) 

The operator P £ above defined is assumed to act on vector functions as follows: 
for u = (m 1 )i<*<n e (W 1 > P (Q)) N we have P £ u = (P e it l )i< l <Ar- The function 
b e L 00 (M^+ 1 ) and verifies c x < b(y,r) < q 1 a.e. (y,r) e R N x R where a 
is a positive constant. So, putting b(y,T, A) = &(?/,t)|A| p A, the function 6 : 
(y, r, A) i ^ %, r, A), from R N xRx R NxN into K JVxAr satisfies: 

For each fixed A € R^, &(•, •, A) is measurable; (6.5) 
T , 0) = a.e. (y, t) eR N x R; (6.6) 

There are two positive constants z^i and v 2 such that, for a.e. (y, r) € x R, 

(i) (6(y, r, A) - 6(2/, 7", M)) • (A - n) > v x |A - fxf 

(ii) |%,r,A)-%,r, M )| <^(|A| + |/i|f- 2 |A- M | 
for all A,/j e R WxAr , 

(6-7) 

where p > 3 is a real number, the dot denotes the usual Euclidean inner product in 
R NxN , and |-| the associated norm. Next, the mapping (y,r,u) 1— > g(y,T,u) from 
R N x R x R N into R m (integer m > 1) satisfies the assumption that there exist 
positive constants Co and c\ such that 

(i) <?(•, ■, u) is measurable for any u € R N ; 

(ii) \g[y,T,u)\ < c (l + \u\); , g g . 

(iii) \g(y,T,u 1 )~g(y 1 T,u 2 )\<c 1 \u 1 -u 2 \ 

for all u, Txi, u 2 € and for a.e. (y, t)£R n x R. 
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The first issue to be discussed is related to the existence and uniqueness of the 
solution of (|6.2[) . Prior to that, we introduce the following spaces [29 | [47 ] 

V = {<p€C%°(Q) N :div<p = 0}; 

V = closure of V in W 1 ' P (Q) N = {u G Wq' p (Q) n : divu = 0}; 
H = closure of V in L 2 (Q) N . 

We endow V with the Wq' p (Q) n -norm (the gradient norm), which gives a reflexive 
Banach space. The space H is equipped with the L 2 (Q) N -norm which makes it 
a Hilbert space. For u G L p (0,T;V) the question for the existence of the trace 
function (x,t) H> b(x/e,t/e,Du(x,t)) can be discussed in the same way as in [32] . 
Also the function (x,t) H > a(x/e,t/e) is well defined. With this in mind, let 

a £ (x,t) = a ' 



e e 



and 



b E (-,-,Du)(x,t) = b [ -,-,Du(x,t)] :=b(-,-\ \Du(x,t)\ p - 2 Du(x,t) 



e e ) \e e 

for (x,t) € Qt- We introduce the functionals 



aj (u,v)= / (a £ Du) ■ Dvdx + [ b £ (-, •, Du) ■ Dwdx (u, v G Wq' p (Q) n ); 

Jq Jq 

6,(u,v,w)= V / u^vfidx (u=K),v,we<' p (Q) JV ). 



i,fc=l 

Then the following estimates hold 



ki(u,v)| < Holl^ ||L>u|| i2(Q) ||Dv|| £a(Q j +v 2 \\Dm\^\ q) \\Dv\\ Lp{q) ; (6.9) 

oj(v,v) > ll-Dv|| £2(Q) + i/ x ||£>v||^ p(Q) (6.10) 

for all u, v e W'o' p (Q)' zv '. From the above estimate (|6.9p we infer by the Riesz 
representation theorem the existence of an operator A 6 : V — > V such that 

a/(u,v) = (F £ u,v) + (^ e u,v) for all u,v e V. 

It is worth noting that since p > 3 (hence p > 2) we have P £ u £ V' for u G V. 
Moreover the operator A e (for fixed e > 0) is maximal monotone, surjective and 
hemicontinuous |29) . As far as the trilinear form bj is concerned, we have that 

onus 

6/(u,v,v) = for all u G V and v G Wq' p (Q) n ; 
6j(u, u, v) = 6j(u, v, u) for u G V and v G Wq' p (Q) n . 

Furthermore, since W 1 ' P (Q) C L r (Q) [1 for any r > 1 (indeed for TV = 2,3 and 
p > 3 we have i — i < 0, so that, by the Sobolev embedding, the above embedding 

holds true). So choosing r > 1 in such a way that | + ^ = 1, we have by Holder's 
inequality that 

|6/(u,v,u)| <c||u||* r(g) ||Dv|| iP(g) for all u, v G Wq' p (Q) n . (6.11) 
We therefore infer the existence of an element B(u) £ V' such that 

(B(u),v) = 6/(u,u,v) for all u,v G V". (6.12) 
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Equation (|6.12j) defines a bounded operator B : V — > V with the further property 
that if u G L p (0,T;V) then B(u) G L p (0, T; V). In fact, from (|BTT]) - (|BT2l) we 
have by Holder's inequality (for u G L p (0,T; V)), 

l|5(u)||^ (0>T;V0 < ^ T ||u(i)|| 2 / (Q) d^ . 

But W 1,P {Q) C L r (Q) (with continuous embedding), hence there is a positive 
constant c independent of u, such that 

i/p' 

\ B ( U )\\lp'(0,T,V) < c 

Also, as p > 3, we have 2p' < p, so that using once again Holder's inequality with 
exponent p/2p' > 1, we get 

\1/p' i T \Vp 
\u(t)ff dtj <cU \\n(t)\f v dt) . 

We therefore deduce 

11^)11^(0^,) <c^jr r ||u(t)||^dt^ . (6.13) 

The above inequality will be useful in the sequel. Finally, for the sake of complete- 
ness, we choose f G L p (0,T; V') and u° G H. We are now in a position to state 
the existence and uniqueness result for (|6.2j) . Before we can do that, however, we 
need to take the projection of (|6.2|) on V'; we get the following abstract form in V: 

du e + (P e u E + A e u e + B{u e ))dt = fdt + g £ (u e )dW, 0<t<T , , 

u E (0)=u°. (b - 14) 

With all the properties of the operator A E (among which the strict monotonicity, the 
maximality and the hemicontinuity) the existence and uniqueness of a martingale 
solution (and hence from the uniqueness, the strong) solution to (|6 . 14[) follows 
exactly the way of proceeding as in |46j , and we can formulate the following result 
without proof. 

Theorem 22. Let the hypotheses be as above. Let e > be freely fixed and let 1 < 

r < oo. There exists an J- 1 -progressively measurable process u e G L r (£l 7 J 7 , P; L p (0, T; V)C\ 

L°°(Q,T;H)) such that 

(ue(t).v) +/„* (P £ u E (s) +A*u B (s) + B(u e (s)),v)ds - (u°,v) 

+ ti(f( S ),v)d S + f*(gZ(u E ( S ),v)dW( S ) { - ) 

for all v G V and for almost all (u,t) G Qx[0,T]. Moreover u £ G L r (fl; J 7 , P;C([0, T];H)) 
and is unique in the sense that ifu e and u E satisfy ()6.15p then P(w : u E (t) — u e (i) 
in V for all t G [0,T]) = 1. 

Remark 7. (1) For the existence result in the above theorem, we only need to have 
P > 1 + ]f+2> an( i f° r the uniqueness, the more restricted assumption p > 1 + =j is 
required; see [29]. We have taken p > 3 only for the sake of simplicity. We might 
take p > 1 + y for both the existence and uniqueness. (2) Since f £ L p (0, T; V) 
the existence of the pressure q e is out of reach; see e.g., [HJSS]. That is why, in the 
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sequel we are mainly concern with the asymptotics of the velocity field u £ defined 
in Theorem [22] Accordingly, throughout the remainder of this section, we will only 
refer to problem (|6.14[) instead of 1 



It is very important to note that very few results are available as regards the 
homogenization of SPDEs. We may cite [Ml US IHJ [S3] in that framework. 
In the just mentioned work, the homogenization of SPDEs is studied under the 
periodicity assumption on the coefficients of the equations considered. In addition, 
the convergence method used is either the G-convergence method [71 |2H HSJ or 
the two-scale convergence method [5_H [S3] • In view of the study of the qualitative 
properties of the solutions of SPDEs, it is more convenient to use an appropriate 
method taking into account both the random and deterministic behaviours of these 
solutions; see Subsection 3.2. As for the homogenization of SPDEs in a general 
ergodic environment (or beyond) is concerned, no results is available so far. The 
present work is therefore the first one in which such a problem is considered. 

Before we can proceed with the a priori estimates, let us set a convention. The 
letter C will throughout denote a positive constant whose value may change ac- 
cording to the occasion. The dependence of constants on the parameters will be 
written explicitly only when necessary. With this in mind, the following a priori 
estimates hold. 

Proposition 9. For each fixed e > 0, let u £ be the unique solution of (|6 . 14[) . Then 
for any 1 < r < 00 we have 

E sup \\u £ (t)\\ r LHQ) < C- (6.16) 

0<t<T 



T 







and 



\n s (t)f Hh{Q)N dt<C (6.17) 



\\u e (t)\\y dt < C (6.18) 







v 

for any e > 0, where C is a positive constant independent of e 

2 (Q) 

rt 

2 



Proof. Applying Ito's formula to ||u e (£)||^ 2 (Q\ gives 



M*)ll 



2 f (P £ u £ (s)+A E u £ (s) + B(u £ (s)),u £ (s)) ds 
Jo 



|u°|| 2 L2(Q) +2 J* (f( S ), u £ (s)) ds + J |<f(u e ( S ))| 2 ds 



+2 / (g s (u £ (s)),u £ (s))dW(s). 
Jo 

By using ([O]) . [part (i) of] (|6~7|) and (|6~8l) we get 



IK(*)|l!2 (Q) +2^o/o H u eWI!ffi(Q)" ds + 2l/ i/o WM^Wv ds 



< u 



i2 

II 2 



5 +2/J ||f( S )|| y , ||ue(*)|| v d a + K( a )||£ a(Q) ds (6.19) 



+C + 2j*(gt(u £ (s)),u £ (s))dW(s). 
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By Young's inequality applied to the first integral on the right-hand side of (|6.19[) , 



f(s)\\ v ,\\u £ ( S )\\ v d S < C(i/i) / \\f(3)\\ p v ,ds + Vl \\u E ( S )\\ p ds 



< C + vi f \\u £ (s)\\ p v ds. 
Jo 

Taking into account the above inequality in (|6.19[) we are led to 

\\ u e{t)\\ 2 L 2 (Q) +2vQ \\u B {t)\\ 2 H x {Q)N ds + vi J ||u e (f)||^ds 

< h°\\ 2 L HQ )+ C + C I \\Ms)\\l HQ) ds + 2 f (gC(u s ( S )),u e ( S ))dW( S ). 



Taking hrst the supremum over < s < t (for all < t < T) and next the 
mathematical expectation in the above inequality, 



E sup ||u e (s)||^ 2(Q) + 2i/ E f* \\u E (t)\\ 2 Hl[Q)N ds + Vl E j* ||u e (i)||^ds 



0<s<t 



< u 1 



+ C + CEf*\\u E (s)\\ 2 ds 



L2(Q) 1 ~ 1 ^ JO ll"£^IIL 2 (Q) 1 

2E sup |/ s ( 5 e (ue(T)),u e (r))d^(r)| 



(6.20) 



0<s<t 



Making use of the Burkholder-Davis-Gundy's inequality applied to the last term in 
the right-hand side of (|OD|) . 



2E sup 

0<s<t 



< CE 



< CE 



(g^u E (r)),u E (r))dW(r) 

1/2 

|(^(u e ( S )),u £ ( S ))| 2 d S ' 



0<s<t 

and by Cauchy-Schwartz's inequality, 



sup ||u e (s)||^ 2(Q) ( [ \\g e (u E {s))\\ 2 L2(Q) ds) 

<s<t \Jo / 



1/2- 



2Esup |/ Q s ( 9 s (u £ (r)),u £ (r))dW(r)| < |E sup ||u £ (s) 



0<s<t 



0<s<* 



li 2 (Q) 



+CE/ £ ||u e ( S )||i 2(Q) d S . 
Putting this in (|O0|) we derive 

±E sup ||u e (s)||^ 2(Q) +2j/ E/ t ||u e (s)||ii (Q)J vds + j/iE/ t ||u e (s)||^ds 

0<s<t 

<C + CE/ *||u B (*)||* a(g) ds. 
It therefore follows from Gronwall's inequality that 

E sup \\u e (t)f L2 , Q) < C 

where C is independent of e. It also follows from (|6.21l) and (16.22[) that 



(6.21) 



(6.22) 



E 



/ \\u E {t)\\ P v dt < C andE f \\u E {t)\\ 2 Hl 
Jo Jo 



(QY 



dt<C 



where C is also independent of e, hence (|6.17[) and (|6.18[) . 



HOMOGENIZATION THEORY 



37 



Now, as far as (|6.16|) is concerned, we start again from the Ito's formula which 
reads in this case as: if 

X t = X Q + I 4>{s)ds + N t 



where X t = ||u e (t)||* 2(Q) , X = ||u ||^ 2(Q) , N t = 2 f Q (g s (u s (s), u E (s)) dW(s) and 
= -2 (P e u E (s) + A e Ue(a), Ue(a)) + 2 (f (*), u £ (s)) + ||g e (u £ ( S ))||^ 2(Q) , then 

rt rt i 

rl _ v l i ; / f!-1i/„u„ i ; / yl-lj« i Z/'; 1\ / vl-2 r 



X[=X l + l X L - l <j)( S )ds + l X l s -"dN s + -l{l-l) X l - 2 d(N s ) 
Jo Jq 2 J 

for any 1 < I < oo. We apply the above formula with I = r/2 (r > 2) and we get 



M*)llj&»(Q) + r 



1 1 n 1 1 t 1 



/ l|u £ (s)||^ 2( 2 Q) [j/ ||u e (s)||ii (Q)JV + ||u £ (s)||^]ds 
Jo 

/ \\Ms)\\Thq) \\9 E {Ue(s))\\ 2 L 2 {Q) ds 
Jo 



r 



~ T 12 ~ 1 ) j ^ S ^L 2 (Q) llf e ( U ^( S ))ll^(Q) ds 

+ r - J* \\u E ( s )\\ r - 2 2 {Q) (g%u E (s)),u E (s))dW(s). 

We can therefore follow the same way of reasoning as before (see also [13]) to get 
(16.161) . The proof is completed. □ 

The estimate (|6. 16[) (for r > 2) is concerned with the higher integrability of the 
sequence (u e ) e so that we can make use of it together with the Vitali's theorem. 
However this will become precise in the next subsection. Now, in order to prove the 
tightness property of the sequence of probability laws of (u e ) e , we will also need 
the 

Proposition 10. Assuming that the function 1 1-> u e (t) is extended by zero outside 
the interval [0,T], there exists a positive constant C such that 

Esup/ \\u e (t + e)-u £ (t)\\ 1 y,dt<C6^ 

for each e > and < 5 < 1 . 

Proof. Assume 9 > 0. The same way of reasoning will apply for 9 < 0. We have 

rt+0 

Ue(t + 9) -Ue(t) = / du e (s) 

[t+e 

= J [-P e u E ( s )-A e u E ( s )-B(u E ( s ))+{(s)}ds 



t+6 g%u e (s))dW(s), 
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hence 

||u s (t + 0)-u s (t)||£, < C 



rt+e p pt+e 

/ P £ u 6 {s)ds +C / A e u E (s)ds 
Jt .,, Jt 



+C 



+C 



t+9 

B(u e (s))ds 

■ t+B pt+ 



p 




V 





rt+e 



i(s))ds 



v 
p 



g e {u e {s))dW(s) 



h + h+h + h + h. 



But 



and 



rt+e 



h<C\ / \\P £ u £ (s)\\ v , ds 



hence 



J* +6 \\ptu E ( S )\\ v ,d S < C \\P^ e ( S )\\ H _ 1(Q)N ds 

& i^f^ \\P e u e {s)f H _ HQ)N ds 



< C9~> 



rt+e 



h < COT / \\P s u E (s)\\ p H _ 1(Q)N ds 



We infer from ([67L7)) that 



< C8r (l + \\P e u E {s)\\ 2 H -i {Q) N)ds since p' <2 

, pt+8 

< COT J \\P^u e { s )\\ 2 H _ 1{Q)N ds 

< CS^ J \\u e {s)\\ 2 H i {Q)N ds. 



r T / f t+S 



E sup / hdt<CSTEl [I \\u e {s)f Hl(Q)N 
o<e<sJo ' n ' '* ' ,: ■ 



' ds)dt< CS ! 



As for I2 we have, as above, 



/o \ Jt 



rt+6 



hence 



h<C6T J \\A e u e (s)\\^,ds, 
E sup / I 2 dt < CS^E [ ([ \\Du s (s)\\ p LP(0) ds ) dt 

0<9<SJo Jo \Jt J 



< 



CS^ by (I5TTS1) . 
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Now, dealing with h we have 

\\B(u £ (s))\\ v , ds < 6^ J \\B(u e (s))\\ P v ,ds, 
and proceeding as above (taking into account (|6.13l) and (I6.18p ) we get 

E sup / hdt < C5^. 



o<e<sJo 

We also have Esup 0<6 , <<5 / Q T hdt < CS^. For the last integral, by using the 
Burkholder-Davis-Gundy's inequality we have 

p 

E sup / I 5 dt < C . ( / \\g'(u E (s))f L2(0) ds) dt 



o<e<s Jo 



< C ° \\u £ (s)\\ 2 L2(Q) dsj dt (by 

< C5 P - / E sup \\u £ {s)\\*dt 

JO 0<s<T lvy 



< CS^ by (E3SD. 

Combining all the above estimates leads at once at 



rT 

£ sup / \\u s (t + 8) -u E (t)||^, dt < CS l 



since S 2 < S v (recall that p > 3 and < S < 1). As the same inequality obviously 
holds for 9 < 0, the proof is completed. □ 

6.3. Tightness property of the probability laws of (u E ) E . We are now able 
to prove the tightness of the law of (u E , W). We shall for this aim, follow the lead 
of Bensoussan [8] and Debussche et al. [18]. Before we can proceed any further, we 
need the following important result. 

Lemma 6 ([8]). Let {n n ) n end {vn)n be two ordinary sequences of positive real 
numbers such that fJ, n ,u n — > as n — > 00. For the three positive constants K, L 
and M , the set 

Z = {u: / T ||u||£ dt < L, \\u(t)f ¥ <K a.e. t, 

sup| e |< Mn J T ||u(i + 0) - u(i)||£, dt < v. n M for all n e N} 

is a compact subset of L 2 (0,T; H). 

This being so, set 6 = L 2 (0, T; H) x C(0, T; K m ), a metric space equipped with 
its Borel a-algebra B{&). For < e < 1, let ^ £ be the measurable 6-valued 
mapping defined on (fi, J 7 , P) as 

9 e (w) = M,u),W(>,u)) (wefl). 

We introduce the image of V under \P e defined by 

^(5) = P(*- 1 (5)) (Se6(6)), 

which defines a sequence of probability measures on 6. The following result holds. 
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Theorem 23. The sequence (7r e )o< £ <i is tight in (©,$(©)). 

Proof. Let S > and let Lg, Kg, Ms be positive constants depending only on 5 (to 
be fixed later). We have by Lemma [5] that 

Z s =\u : [ \\uf v dt < L s , \\u{t)\\ 2 H < K s a.e. t, sup f \\u(t + 9) - u(t)||£, < v n M & 

{ Jo \6\<n n Jo 

is a compact subset of L p (0,T; H) for any 5 > 0. Here we choose the sequence 
(/!„)„ and {v n )n so that — (aO^ 1 < oo. Then we have 

P(u E Z s ) <P ( [ \\u E \\ p v dt>L s ) + P( sup ||u e (t)||^>if 5 ) 
\Jo J \te[o,T] J 

sup f \\u E {t + 6) - u e {t)\\ p y, dt > v n M s ) . 



\|f|<Mn "'0 

In view of Tchebychev's inequality we have 



u £ g Z,) < -^-E / K(t)||^ ^ + -^E sup ||u e (i)||^ 
Ls Jo K s t£[0,T] 

+ y~] — TT^ SU P / \\Mt + e)-u E (t)\\ p y,dt. 

^ V n Ms \0\<u Jo 



|0|<M„ JO 

From Propositions [9] and [TU] it follows that 

P u £ 6 z tf ) <_ + _ + _£ — Mn — 
L 5 a 5 Ma ^ i/„ 

n 

So if we choose 



6C 6C(E„^(Mj^ 



Kg = Ls = — =- and = 



* S 
then we have are led to 

P(u £ ^Z s )<-. (6.23) 

Next, considering the sequence of probability measures 7r|(A) := ¥(W £ A) (A g 
S(C(0, T; M m ))), it consists of only one element, hence it is weakly compact. As 
C(0, T; R m ) is a Polish space, any weakly compact sequence of probability measure 
is tight, so that, given 6 > there is a compact subset Cs of C(0, T; R m ) such that 
P(W £Cj)>l - 5/2. We infer from this together with (|?T2"2"|) that 

P ((u e , WO eZjxC,)>l-5. 

So we have just checked that for any 5 > there is a compact x Q c 6 such 
that 

n E {Zs xC s )>l-5, 

by this proving the tightness of the family ir e is tight in & — L p (0,T: H) x 
C(0,T;E m ). □ 

It follows from Theorem [23] and Prokhorov's theorem that there is a subsequence 
(iTe n )n of (7r e )o< e <i converging weakly (in the sense of measure) to a probability 
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measure II. It emerges from Skorokhod's theorem that we can find a new probabil- 
ity space (f2,.F, P) and random variables (u Erl , W e "), (vlq,W) defined on this new 
probability space and taking values in 6 = L p (0, T; H) x C(0, T; R m ) such that: 

(i) The probability law of (u En , W £n ) is n En ; 

(ii) The probability law of (u , W) is II; 

(iii) As n — > oo, 

W E " -> W in C(0, T; P m ) P-a.s. (6.24) 

and 

(iv) As n — > oo, 

u £n -> u in L 2 (0, T; H) P-a.s. (6.25) 

We can see that {W e ™} is a sequence of m-dimensional standard Brownian mo- 
tions. Let T 1 be the cr-algebra generated by (W(s), u (s)) (0 < s < t) and the 
null sets of T. Arguing as in [8] we can show that W is an .F*-adapted standard 
M" l -valued Wiener process. Also by the same argument as in [9] we can show that, 
for all v G V and for almost every (cu,t) G x [0, T] the following holds true 



(u e „ (i), v) + /„* (P £ u £ „ (s) + A £ u en (s) + B(u €n (s)), v) ds = (u°, v) 
+ J 4 (f (s), v) ds + J* (g*(u £n (s), v) dT^ e " (a). 

6.4. Homogenization results. 



(6.26) 



6.4.1. Abstract formulation of the problem and preliminary results. We 

begin this subsection by stating some important preliminary results necessary to 
the homogenization process. The notations are those of the preceding sections. It is 
worth noting that property (|3.7[) in Dcfinition|4]still valid for / € B(il; C(Q T ; B P A '°°)) 
where B\ ,ca = B\ n i°°(M^+ 1 ) and as usual, p' = p/{p ~ 1). 

Bearing this in mind, the question of homogenization of (|6 . 14[) will naturally 
arise from the following important assumption: 



b G B°£ and ay, g k (-, ',m) € B^, 1 < i, j < N, 1 < k < m 
for any /i G 



(6.27) 



where g = {g k )i<k<, 



The above hypothesis, which depends on the algebra wmv A, is crucial in ho- 
mogenization theory. It gives the structure of the coefficients of the operator under 
consideration, and therefore allows one to pass to the limit. Without such a hypoth- 
esis, one cannot perform the homogenization since the convergence process relies 
heavily on the latter. The commonly assumption used is the periodicity (obtained 
by taking the algebra to be the continuous periodic functions). Hypothesis (|6.27[) 
includes a variety of behaviours, ranging from the periodicity to the weak almost 
periodicity (as far as the ergodic algebras are concerned), and also encompassing 
all the non ergodic algebras wmv. In this regard, this is a true advance in the 
homogenization theory, regardless the applications either to PDEs or to SPDEs. 

Let * G B(n-,C{Q T ;(A) NxN )). Suppose that (|5^7|) is satisfied. It can be 
shown (as in [42]) that the function (x,t,y,T,w) i-> b(y, t, ^ (x, t, y, r, u)), denoted 
below by &(•, belongs to B(fl;C(Q T ; B^'°°)) NxN ; assumption (|Q7l> is crucially 
used in order to obtain the above result. Likewise, the function (x,t,y,r,oj) n- 
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gk(y,T,if) (x,t,uj)) (for -00 € F(ft;C(Q T ; (A)^))) denoted by gr fc (-, O ), is an element 
of F(ft;C(Q T ; F^°°)). We may then define their traces 

fx t f x t 
(x,t,w) ^ &(-,-,* la;, t,-,-,u) 

and 

fx t 

from x ft into M, denoted respectively by 6 £ (-,^ E ) and g%(-,ip ), as elements of 
L°°(Qt x ft). The following result and its corollary can be proven exactly as its 
homologue in [52] . 

Proposition 11. Let 3 <p < oo. Suppose (jrTTTj) /iotas. For* G F(ft; C(Q T ; (A) JVx w )) 
we Ziaue 

o £ (-,* £ ) ->■ &(♦,*) in L p '(Q T x ft^^-wea/fc £ as e ->■ 0. 

T/ie mapping * ^ &(■,*) o/F(ft;C(Q T ; (A) JVxAr )) into Lp'(Q t x ftjF^^ ez- 
tends by continuity to a unique mapping still denoted by b, of L p (Qt x ft; (i?^) Arx Ar ) 
into Lp'{Q t x ftjF^^ sucft tfctrf 

(&(■, v) - &(•, w)) • (v - w) > 2/1 |v - w| p a.e. in Q T x ft x x K r 



||6(.,v)-6(.,w)|| L!) , (Qtx0; ^ )WxN 



< fa|||v| + |w|||5 r 7j 3Txn .^ ) ||v- w|| iP(QrXn . (siFxW) 

6(-,0) = a.e. m Ry x K T 
/or aH v, w G L P (Q T X ft; (B^)***). 

Corollary 3. Let ip £ (F(ft) ® C^(Q T )) N and ip t G (F(ft) <g> C^{Q T ) ® 
For e > 0, Zet 

^ = ^0 + ^1, (6-28) 
i.e., $ e (a;,f,a;) = ^} (x,t,oj) + eipi(x,t,x/e, t/e,oj) for (x,t,uS) G Qt x ft- Lei 
(i) £ ) E ef; is a sequence in L P (Q T x il) NxN swc/i ttat w e -> «o wi L P (Q T x ft) 7VxAr - 
weafc S as F 9 e w/iere v G L P (Q T x ft; S^) WxAr , i/ien, as F 9 e 0, 



6 e (-,F$ e ) -v e dxdtdP^ // b(-,u ,Dif + dtf;^ -vodxdtdFd/3. 

Q r xSl J J Q T xQ.x&(A) 

Also we will need the following important result in order to pass to the limit in 
the stochastic term. 

Lemma 7. Let (u E ) £ 6e a sequence in L 2 (Qt X ft) w suc/i i/ia/ u e — > Uo in L 2 (Qt x 
ft) w as e — > where Uq G L 2 (Qt X ft) . T7ien /or eac/i 1 < k < m we have, 

g%{-, u E ) — > <?&(•, Uq) in L 2 {Qt x fl)-weak £ as e — > 0. 

Proof. First of all, let u G F(ft; C(Q T )) Ar ; as seen above, the function (x, i, y, r, w) M> 
<?fc(y, r, u(x, i, w)) lies in F(ft; C(Q T ; F^' 00 )), so that we have #!(•, u) — > <?&(•, u) in 
L 2 (Qt x ft)-weak E as e — ► 0. Next, since F(ft;C(Q T )) is dense in L 2 (Qt x ft), it 
can be easily shown that 

</!(•, Uq) -> 3fe(-, u ) in L 2 (Q T x ft)-weak £ as e -> 0. (6.29) 
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Now, let / e L 2 (n;L 2 (Q T ;A)); then 



g e k (-,u £ )f £ dxdtdP - // g k (-,u )fdxdtdFd/3 
f (gU-,u £ )~gl(;U ))rdxdtdP+ f gl(;U )rdxdtdF 
g k (-,u )fdxdtdFd/3. 



I QtxQxA(A) 

Using the inequality 



(gU-,u £ ) -gU; n )) fdxdtdl 

Qt xQ 



< C ||U E - Uo|| L 2(Q rXf2) N ll/ £ |lL2 ( Q T><n ) 

in conjunction with (|6.29l) leads at once to the result. □ 

Remark 8. In view of the Lipschitz property on the function g k we may get more 
information on the limit of the sequence <?|(-, u e ). Indeed, since \g%(-, u E ) — <?|(-, u )| < 
C |ue — Uo|, we deduce the following convergence result: 

g%(-, u e ) ->■ fffc(uo) m L 2 (Qt x O) as e -t 

where gfc(uo)(a;, i, w) = J^f/l) 5fc( s ? s cb uo(s, t, u>))df3, so that we can derive the ex- 
istence of a subsequence of gf.(-,u e ) that converges a.e. in Qt x 17 to fffe(uo). For 
the sequel we shall need the following function: g(uo) = (gfe(uo))i<fe< m . 

We end this subsection by collecting here below some function spaces that we 
will make use in the sequel. We begin by noting that the space B(Cl) ®C^°(0, T) ® V 
is dense in LP(Vt\ L"(0, T; V)). Next, let the space 

Sdfv = {«eft)^ dh7,u = 0} 

where div. y u = du 1 /dyi, and its smooth counterpart 

A- div = {u e (V Ay (R N )/F Ay ) N : div y u = 0}. 

The following result holds. 

Lemma 8. The space Qy {A^^) is dense in B^? where, for u = (u l )i<i<Ar <E 
(A y K) ) N we have Qy (u) = (Q y {u l ))i<i<N , Q y being the canonical mapping of B A 
into its separated completion B A . 

Proof. This follows exactly in a same way as the proof of [60J Lemma 2.3]. □ 
Now, let 

= L*(fi x (0,T);V) x l?(Q T x n ; B Ar (R T ;B^)) 

and 

J%> = ® C °°(0,T) ® V] x ® C °°(Q T ) <8 (X>A T (Mr) <8> ^(^div))] • 

Thanks to Lemma [8] we have the density of J-q° in Fj' p . 
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6.4.2. Homogenized problem. Let (u En ) n be the sequence determined in the Sub- 
section [63] and satisfying Eq. (|6.26p . Because of f|6.26[) the sequence (u £r J„ also 
satisfies the a priori estimates (|6.16[) . (|6.17|) and 18[) . Therefore, owing to the 
estimate (16.16[) (which yields the uniform integrability of the sequence (u Er J„ with 
respect to oj) and the Vitali's theorem, we deduce from (|6.25[) that, asm oo, 

u e „ u in L 2 (Cl;L 2 {0,T;H)) 

and hence 

u en u in L 2 (Q T x Q) N as n ->• oo. (6.30) 

In view of (|6.18[) and by the diagonal process, one can find a subsequence of (u £n ) n 
(not relabeled) which weakly converges in L P (VL; L p (0, T; V)) to the function uo 
(this means that Uo € L p (Cl; L p (0,T;V))). From Theorem IT2l we infer the exis- 
tence of a function ui = (uf)i<fc<jv £ LP{Q T x Q;B p AT (R T ;B^ p Ay ) N ) such that the 
convergence result 

du^ ^duo + ^i. m lp{Qt x ^ } iv_ weak s (i < ? < iv) (6.31) 

axi oxi ayi 

holds when s„ — > 0. We recall that = ( (u = (uk)i<k<N) and 

V / l<k<N 

_ / du^ \ ^ Now, let us consider the following functionals: 

a/(u,v) = a ij (s 1 s )D j u k J} i v k dxdtdFdl3 

i,j.k=l J JQtxVxA(A) 

6(s,s ,Bu) ■ BvdxdtdPdfi 



J T xf2xA(A) 

where ]D)jU fc = + <3jWi (<9j-Ui = ^i (§^J i an d the same definition for D,;v fc ) and 
Du = (Oju)i<.,-<jv with Bju — (H>jU k )i<k<N', 



6/(u,v,w)=^ ult^w^dxdtdP 



i,k=l 



■xfl 



for u = (uo,Ui),v = (vo,vi),w = (wo,wi) £ The functionals a/ and bi are 

well-defined. Next, associated to these functionals is the variational problem 

u= (uo.m) GFj'" : 

-/Q T xn u o ■tl>' dxdtdP + ai(u,&) + 6/(u,u,*) 

= / fi / T (f (t), ^ (t, w)) dtdf + / fi / T (5(u ), V ) d^dF 
for all $ = (^,f)e^. 

The following global homogenization result holds. 

Theorem 24. TTie couple (uo,ui) determined by (|6.30[) - (|6.31[) solves problem 
(16321 . 

Proof. In what follows, we drop the index n from the sequence £ n . So we will 
merely write e for e„. Now, from the equality divu e = we easily obtain that 
divuo = and div y Ui = 0, hence u = (u ,Ui) g Fg P . It remains to show that u 
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solve ([Q2]) . For that, let * = (ip , g N (ip^) € J 7 ,} 00 ; define * e as in Corollary [3] 
(see (|6.28|) therein), that is, as follows: 

& e (x,t) — ip (x,t,u)) + sipi \ x,t, — , for (x,t) £ Qt x ^- 

Then we have 3? e € (-B(fi) ®Cq°(Qt)) n and, using <& e as a test function in the 
variational formulation of (|6.26p we get 

r g<& r 

u e —^dxdtdF + / a e Du £ ■ D$ £ dxdtdF (6.33) 



+ I b e (-,Du e ) ■ D<f> s dxdtdP + f [ 6/(u e , u e , $ e )dtc 
jQ T xii JnJo 

f [ (f(i),# e )dtdP+ f f (g e (-,u e ),$ e )dW s dF. 
Jo Jn Jo Jo. 



io Jn Jo Jn 

We pass to the limit in (|6.33l) by considering each term separately First we have 

u e • ^-dxdtdF = [ u E - ^-dxdtdF + e [ u £ ( ^P- ) dxdtdl 



Q T xn dt JQtxQ. dt Jq t xu V dt 



u | ^p- | d.nlldl 



But in view of (I6.30[) coupling with the convergence result (dil> 1 /dr) £ — > M (dip 1 /dr) 
in L 2 (Qx x Ct) N -weak, we obtain 



u £ ■ —^dxdtdF I u • -^-dxdtdF. 

Next, it is an usual well known fact that, using the convergence result (|6.30[) 
together with the weak E-convergence of the sequence (D$> e ) e to D<&, we get 

/ a £ Du £ • D& £ dxdtdF -> oj(u, $). 

Considering the next term, we use the monotonicity property to have 

/ (b £ (-, Du e ) - b £ (-,D& E )) ■ (Du E - D$ E )dxdtdF > 0. (6.34) 

JQtX^I 

Owing to the estimate (|6. 18[) (denoting by E the mathematical expectation on 
(fo,F,F)) we infer that 

supE||fc e (-,L>u £ )|| ! ? p , 

£>0 WT > 

so that, from Theorem QTJ there exist a function x € L p (Qt x f2;S^) ArxAr and a 
subsequence of e not relabeled, such that b £ (-,Du E ) — > \ in L p (Qt x fi) JVxAr -weak 
£ as e — > 0. We therefore pass to the limit in (J6T34J) (as e — > 0) using Corollary [3] 
to get 

ff (x -£(•,©$)) • (Bu - BfydxdtdFdp > (6.35) 

for any $ g Jq" where, as above, Bu = Duq + du.i (u = (uo,ui)) and D€> = 
Dtp + dtp!- By the density of Jq° in Fq P and by a continuity argument, (|6.35j) 
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still holds for 4> e Fj' p . Hence by taking 4> = u + Av for v = (v , vi) e Fj' p and 
A > arbitrarily fixed, we get 



> / / (x - b(; Bu + ABv)) ■ BvdxdtdPd/3 > for all v e Fo' p 

J J Qt xfixA(A) 



Therefore by a mere routine, we deduce that \ — b(-,Du + D y Ui). 

The next point to check is to compute the lim e ^o Jq Jq bi(u £ , u £ , & £ )dtdP. We 



claim that, as e — > 0, 

rT 



&j(u e , u e , & E )dtdF -> 6/(u, u, *) 



n Jo 



Indeed, by the strong convergence result (|6.30|) in conjunction with the Theorem 
[7j our claim is justified. 
We obviously have that 

(f(*),* e (*,w))dfcflP-> / / (f(t),i/> (t,ui))dtdP. 



o Jn jo Jn 

The last point is concerned with the stochastic part J Q T Jk (g e (-, u 6 ), $ e ) cZW e dP. 
But thanks to Remark [8] we get at once 

f [(g e (;U E ),$ e )dW s dP^[ [ (g( Uo ),iJ> )dWdF. 
Jo Jn JnJo 

It emerges from the above study that u = (uo,ui) satisfies (|6.32|) . □ 

In order to derive the homogenized problem, we need to deal with an equivalent 
expression of problem (I6.32p . As we can see, this problem is equivalent to the 
following system (|6.36l) - (|6.37l) reading as 

J J/q t xOxA(A)« Du ' d^dxdtdPdfl + JJ QTX n xA{A) KM ■ dfadxdtdFdP = 
\ for all Vr € B{(l)®C^{Q T ) ® PaM ® ^(4~ div )]; 

(6.36) 

-/q txS jUo ■ ^Q^tdP + ajfu, C0 O ; )) + M U : u, (ip ,0)) 

= J n / T (f (t), V (*, w)) *dP + / fi / T C£(uo), V> ) dl^dP (6-37) 
for all S <g> Cg°(0, T) (g) V. 

It is an easy matter to deal with (|6.36[) . In fact, fix £ 6 M. NxN and consider the 
following cell problem: 

Ia(a) o(f + ' + / AW &(•, £ + 55?(0) • dwdp = (6.38) 

Due to the properties of the functions a and b, Eq. (16.38)) admits at least a solution 
(see e.g., [2H]). But if 7i"i = tti(£) and 5T2 = 7T2(£) are two solutions of (|6.38p then, 

Setting 7T = 7Tl — 7T2, 

f / A(A) ad£ • dwdf3 + J A{A) (b(-A + dni) -&(•,£ + 9tt 2 )) ■ 0©dj9 = 
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Taking the particular test function w = tt, we are led to 



W9-dnd[3 + / (b(-,£ + dn 1 )-b(-,t + d9 2 ))-dndf3 = 0, 

A (A) JA(A) 

and using once again the properties of a and b (see in particular the Proposition 
ITTj) . we get 

|2 



i/o / \d^\ z d[3 + v x / |<9?r| p d/3 = 0, 
Ja(A) ja(A) 

which gives $7? = 0, or equivalently, -Dj,7r = 0. It then follows that 7r = since it 

belong toS^CK^OB^n. 

Now, choosing ip 1 = <f> ® </? ® to in (|6.36|) with € -B(^), </? € Cq°(Qt) and 

w G [2?a t (Rt) ® (^^°div)]' we obtain by disintegration the following equation: 

f J A(A) aBu ■ dwd/3 + J A(A M;Bu) ■ dwdfS = 

\ forall^e^CKr)®^^,). 1 ' ' 

Coming back to (|6.38[) we choose there £ = Duo(x, t, uj) (for arbitrarily fixed 
(x,t,u>) <E Qt x Cl). Comparing the resulting equation with (|6.39[) and using 
the density of T>a t (^ t ) <8 Qy (^y^dw) m ^A T (^^div) we S e t ^y the uniqueness 
of the solution of (|6.38[) that Ui = tt(Duo), where 7r(_Duo) stands for the function 
(x, t, to) i — y ir(Du.o(x, t, uj)) defined from Qt X Cl into B P A (M r ; B^). This shows the 
uniqueness of the solution of (|6.36[) . 
As for (IQ71) . let, for t e R NxN , 



M(0 = / b(;i + dn(0)dP 
Ja(a) 

and 

m£= / o(C + fl5f(0)48. 

JA(A) 

Then substituting Ui = tt(Duq) in (|6.37[) and choosing there the special test func- 
tion ip (x, t,u)) = ^(uj)x{t)f(x) with e B(Q), \ S (^"(O,! 1 ) and ^6 V, we quickly 
obtain by Ito's formula, the macroscopic homogenized problem (which holds as an 
equality in V) 

du + (- div(m J Du ) - div M (Du ) + B(u ))dt = idt + g(u )dW . . 
u (0) = u°. (6 ' 40) 

Since the above problem is of the same type as (|6.14[) the existence and the unique- 
ness of its solution is ensured by the same arguments as (|6. 14[) . We therefore have 
the following 

Theorem 25. Assume that (|6.3|) - (I6.8|) hold. Moreover suppose that (|6.27j) holds 
true. Let 3 < p < oo. For each e > let u £ be the unique solution of (|6.14p 
on a given stochastic system (Q, J 7 , P), J 7 *, W defined as in Section 4. Then as 
e — > 0, the whole sequence u £ converges in probability to Uq in L 2 (Qt) N (i.e., 
||u E — Uo||£2(q t )jv converges to zero in probability) where Uo is the unique strong 
probabilistic solution of (|6.40[) with W replaced by W . 

Proof. The proof of this Theorem is copied on that of [38, Theorem 8] . Note that 
it relies on Lemma [5] □ 
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Remark 9. As regard the deterministic setting (i.e. when g = 0), this is the first 
time that the homogenization of ()6.14|) (and hence (|6.2[) ) is considered. So even 
in the deterministic framework, our results are new, and we can formulated the 
deterministic counterpart of Theorem 1251 as follows. 

Theorem 26. Assume that (|6.3I) - (|6.8[) hold. Moreover suppose that (|6.27p holds 
true. Let 3 < p < oo. for each e > let u e be the unique solution of (|6.14|) . T/ien 
as e — > 0, 

u e -> u m L 2 (Qt) N 
where Uq is the unique solution of the following problem (viewed as an equality of 
functions with values in V' ) 

/ ^ - div(mL>u ) - div M(Du ) + B(u ) = f 
1 uo(0) = u°. 

Of course the conclusion of the above theorem can be achieved using less tech- 
nicalities than as in the present study. We do not prove it. For the reader's 
convenience, its proof does not use the famous Prokhorov and Skorohod theorems, 
but a rather less complicated Aubin-Lions' theorem. 

6.5. Some concrete applications of the results of the previous subsection. 

A look at the previous subsection reveals that the homogenization process has been 
made possible because of the assumption (|6.27p which was fundamental in the said 
subsection. This assumption is formulated in a general fashion encompassing a 
variety of concrete behaviours as regard the coefficients of the operator involved in 
(|6.2[) . We aim at providing in this subsection some natural situations leading to 
the homogenization of (|6.2[) . 

Example 3. The homogenization of (|6.2|) can be achieved under the periodicity 
assumption 

(|6.27P i The functions &*(•,•> A), ay and gk(-,-,n) are both periodic of period 1 in 
each scalar coordinate. 

This leads to f|6727|) with A = C pcr (Y X Z) = C pcT (Y)QC pcT (Z) (the product 
algebra, with Y = (0, l) N and Z = (0, 1)), and hence B r A = L r pcr (Y x Z) 
for 1 < r < oo. 

Example 4. The above functions in (|6.27[h are both Besicovitch almost periodic 
in (y,r). This amounts to (jOD) with A = AP(R^+ 1 ) = AP(R^) AP(R T ) 
(AP(M.y) the Bohr almost periodic functions on Ry)- 

Example 5. The homogenization problem for (|6.2j) can be may be considered 
under the assumption 

(16.271) 9 6j(-,-,A) is weakly almost periodic while the functions and Ofc(-,-,/i) 
are almost periodic in the Besicovitch sense. This yields (|6.27j) with A = 
WAP(R^) WAP(R T ) (WAP(R£), the algebra of continuous weakly 
almost periodic functions on Ry ; see e.g., [20]). 

Example 6. Let A T be the algebra of Example [2] (see Subsection 15. 3p . It is known 
that A T is not ergodic |26j . We may however study the homogenization problem 
for (|6.2I) under the assumption that 

(|6.27p q bi(y, •, A) € and Oj(-, r, A) is weakly almost periodic; is periodic and 
gk(-, •) A 4 ) is almost periodic. 
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This assumption is more involved. In fact, let A\ tT be the algebra generated by 
AP(R T ) U A T . It is a fact that A\ zT is an algebra wmv on R T which is not ergodic. 
Next, let A = WAP(M.y) Ai T . Then, also A is not ergodic, and it can be easily 
shown that (|6.27|) is satisfied with the above A. 

Many other examples can be considered. We may also consider an example 
involving only non ergodic algebras by taking for example A to be N + 1 copies of 
the Ar's above: A — A T Q...QA T ,N + 1 times, which gives a non ergodic algebra 
onR N+1 . 
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